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() Let G be a group. Show that i the automorphim group AWH(G) of G is
weic, then G s abelian. [Hint: Concider the map G Aut(@) 9iven
by 9+ Yy; whese X? (x) = ‘?xy" for all x€G. What /s the kerned
of #nrs map 7]

o Let X: G > Ant(G) be the homomophism deseribed in the hint,

SO ¥q 1S 6"\1}'uyh'on by 9.
To see That Y )S a homamor7h/:i‘m: "
gn () = ghx(gh)" = ghxh’s"= 7 4,)g " = (f3° K1) (%)
We see that ker(y)=fqeG: Y9 =d. 3
=f9¢et: gxg"' = x forall x €65

< 196+ gx=xg forall xe6?
So /C&’[A/)": 2[6), +he Cenfer of G. ‘
from +the yp. ISomorpPhism ‘l‘hmr-j weé have /ZCG)C’: 5[6) < Aw—f[éﬂ
Srnce /’M‘I'[G) )$ c‘yd;'c, So Is I1% Subjp X[é), So we contfude fthat
G,/‘Z'(G) IS [ydl’c. Thes /‘mfh'es fha+t 6 ]S d.bé{r'qn.

To see why, let X,YEG and (et geG st 9 generates 6/%(@,3.
Then we can write x=x'9™ and y=y's" where x,y' € Z2(a).
TM’M x - xljm ylgn

v:y')(’smgn ) :7152'(6)
- y'gPgny’ , x'€2(6)
= y'a"g"" x‘/ powers of G commute
= yx .

a

@ (&) Let G=%x,,.., Xn§ be a fimite (mulhiplicatie) abelian group of ovder n. Show
+hat if ¢ hoS no element of order 2, then Xy Xy - Xn=1 ard if § has a
unique element x of order 2, then ¥ Xz'-.."Xn = X.

If: Tn either case, note that i€ an elt. x; rs not de-rnverre; then both X; and
s invege appear in the product X, x,,

for each pair (x;,x;ﬂ of el¢. that are not Self-1nverse, defete both X and
G from the product

ThiS does no+ change the value of the product ble the 9p- 1S abelian and
X; X' = 1.

The only els, that remain after his process (s applied are those tat are
self-imvere //'-6’.} that have order a/f'vl'o/:'ny 2).

~ If +Hhere 15 no elt: of order 2., then the product has Value 1.

" It there /s a unigue elepment x of order 2, the product s just X.
O

(b) for eacth prime Number p, Wi (a) for o well- thosen G (depending on pY) +v Show
that [p-1)1= -1 mod p-
Pf: Foreach prime p, choose (2=(Z/(p)yf
TIn the case p=2, there s neally no'qurg to Show, sence
(2-)) =1 = | mod 2.
for p> 2, notice that G confains an ekt of srder 2 | namely —
(whith s di€f. than | bjc P> 2).
peause Z/(p) s a Geld, the equahon x*=| ha¢ at most twe Solus,
and we see +trat both | avd | are these solns.
Since 1 has order 1, we conclude fiat G has a unique element of
ordey 2. .
Aff/yf‘nj part(a), we see ]°2--(p-1)E(p-1)! = =] moct p.
a

@ [A) ShUW &/’ny 7{1}\‘? O‘F Od&f 7% ”2. ic abefian.
Pt Let G be any 9¢. of order 7% |)?

Ey the Azt Sylow thm, we know there exists a 7-8ylow Subgp.
denoted P st [P|=7*=q9, and an [1-Sylow Sulbgp. denoted &
st [®]=N% 121
By the third Sylow thm.,

Y\q.l H?'=IZI and n7§| mod 7 = ha =1

Ny | F%Z=49 and nyw=1 mod 1) = ny = |

Thmf'nve, P 1S +he unique ?'Sylow sub‘jp. of G = P4G
® 1S the umgue 1l-.$‘7[ow Subgp. of G = QG

Notree that PN @ must be trivial | since bj Lagrange s theorem, 115 ordler
js a common, Fachor of [P| and |&] whith ave coprime (77 H=y=1.
Since Fl& ove, normal n @', we know fQ 1S Qa Subj\o. of ér, and +s
ordev is given by |pQ| = IPIIQI _ 72,2,

| PAA
Sinte |PR| = |G| , we ondude that PQ=G.

The divect (moiwA' r‘ecaym"h‘on thm. tells us that G2 P @
since P and Q ave pormal in &G with PNA trivial , and PR=6G.
Thus G s +he direct produck of P and Q| so 1T Subffces o
Shhw Hut P and & ave both gbélvan.

Groups of order p* ave abelan, where p is any prime.

IPl=7" = P s abelian. ? = G (§ abefian.
18l=11*> & 5 abelian

ﬂ\mS‘, very 9p- of ocder 2% |1 i abelian. -

(b) use (a) +o 0[0!35(1?/ all groups of onler 2% 11* wp Fo tsomorphism.

Pf: By the Fundamental thwm. of finite abekian grs., we o wiite any
group G of order 22 12 (whith by part(a)y must be abelian) ac +he
diredk prvdud— of aolic groups: G= Z/m')xZZ/W)x X Zz/(nk\ :
where each ni22 ic an nteger and

() Niy I n, for V=1,.-- k-1 and

(2) Ny - Neg= F2.%.
The n, are called the invaviant fadh s of G.
In +he above notaton, n, must be divisible by each dishnot Eactor
of /61) So ??)n..
If n =7%11%, we obtain +hejp- Z/r22. %)
If n=70%, then n=7 and we 9e+ Z7112)* %13 .
I€ n,= 72’”/ then Nzl and we 38"‘ Z/(Z}Z-IIB"Z/[”),
If n, = 727 ) then ny=37 and we get Z/(37) * L/rz23).
S’nce 77| N, we have [sted all PoSSibelihes.

W) Let K be o feld and le+ R be the Subning of the polyr\om(ﬂtl ning K(x] given by all
fo\\j nomialS with Xx-coefbtient equal to 0. That i§, R= [aota, Xt x>+ AnXx"€ K[x]-
a,=0%.
(a) Prove X* and x° are imeducible, but net pime in R. You may use that K[X] is
a Um.

Pf: Since K s a feld , we have that d%?(ﬁﬁ) = deg(f) + deg(9) whenever
ﬁy are nhonzeq po(‘ynomm/.r m K[xJ.

The Same (Aentrfy holds Gr nonzer ﬁyeﬁ’.

-To see that x> (s imed, nohte that X*=+£g implhes that
a[ef (£) + def/j) =2. Sinte R Contains no po /ynaMmIS' ot deg. 1,

we conclude fhat one of -F,j' has deg .0 and the otter has oeg. 2.
WLOG , assume deg(f) =0, ie., T EK
But then £ 1S a unit of R (R contains K as asubring).

Hence any facton'zation of x‘r-fj musSt+ be a frbduc'f'cnc' a unrt anda
an assoceate of x2. = x* s irred. in R.

A Similar argument Shows x2 (s trred.. let x3= 107 , then
wLoG 0(?‘7[7“)=0 andl de(j)=’3 blfc no poly. has deg 1.
So ‘FILS' a undt. /YS /'S f//\Qd.
- To See That X* (s not prime, nohice that X* divides X© because
o - 7. y*
X =X X.
. 3 3. 3 2 b3 . x>
Howevtr, we can write X°= x- k%) and X"4 x* 1n R bje */x*
must have deq 1 and R has no elfts. of deg. 1.

Similarly, x*[X® ble X=X %%, but x°= x* X7 and XX
bc déq(x>) =3 >deg(x)=2 and X}K' Lic 73 has deg 1 €.
- We'w used the fack that the of K[x]) are exactly the vonzers
elements o€ K. Smce R contains all +he units of KIx1, Fthe units
of R ave exaa‘//v the umits of K[x]. -

(b) Use (a) 1o show Hhat the ideal I of R consisting of all Polynomml.f in R with
Congtant term 0 5 not principal.

Pf: I must ontarn both x* and x°.
Tf I s 4o be printipal, any gentator must be a Lommon factor of
X% ond x3. But each 1S trred., ard they are  rot associate (b/e they

have ditt. degrees).
Hence, their on/y Conmmon fackors are ums. Buf I confains no units,

L/c eaoﬁ unrt (m R has nonzen conStant +erm. -

©® Let A bea nontern ving Suth that a”=a for all aeA . (Eamples ingfude
Z[zg* ¥ Z/ZZ} but these are not the only ones.)

(a) Show A ha¢ draractecistc 2.
Pf: Write 2 for It1. Then 2 =2 by the defining prperty of A.
But we also have 2*= (1+1)(1+1) = (1t1)+(1t]) = 2+ 2 by usimg the
distnbutive law.
Hence, 2+2 =2, So that |t|=2=0.
Hence, char(A) = 2.

(b) TF A is Awite, Show i3S Size (S o power of 2.
PE: Rr the purposes of thiS pard, forget the multiphcahve Stauctuve of A,
and consyder A as only an abefian addihve grop.

By Cauthy's theorem , ¥ |A] is divisible by a prime p, then A
confains an clt. of order p. But every éit. of A has orders dinding 2,
since at+a =0 (thir llows from part ().

Hence f p>2, p does not divide [Al. Hence the only prime

facforof |A| is 2, so |A] is a power of 2. -

(c) Show every pnme cdeal m A s maximal.
Pt: At we Show Hhat A 1S commutative.
Let x, Y €A. We see
/X+y)z = X%+ xy-r(yx—ryz andf [x+y)z= XtY, So combirnng these
Two ens., Xytyx=2o.
But as in part (a), every elt. of A 15 1S own addifive inverse, so Xy =yx.
Hemce A 15 commutatiye.
we wll uce +he 140//0W1';:l/0 fwo facts about- omm.rmgs R in the
rest of +he arg.:
can (deal TR /s prime i R)T ¢S a domorn.
*an (dea) T 4R s maximal - RIT s 2 held.
Now et T be a prime (dea/ of A. Then A/T /S an /'n*f-ejm/ olomasn.
Since a*=a for an%y 46‘/4} we Kknow a? = a moeo I.
Srnee A/T 1S A dlomarn, we have cancéllatron, <o (' A#O0 mood T,
we Contdude that a =( rmood T.
T+ follows that AT has two efts, 0 and 1 (we nofe that A+I by
detn. of g me coleal, so A) L contdinS paove tham Lett).
I+ /s dear that 1 s a um?, so each nonzero elt of AIT is a um?,
re, AJI rs ahed. = T ;s maximal.
we confude fhat I s a maxima/l Aea!l. -

@ Give C’Mmr)ﬂ AS requested, with ushhicatron.
9 / J
(‘l) An awl'ammyhn'Sm of S} with order 3.

PE. we know conjugation by a fixed elf: of s 15 an automorphism.
Let Y denote oom) by (123).
Then ¢ has order a//'t/z'a/t'nj 3, because
(/3/a~) = (1235 (321)’= &+ for each o€ Ss.

So it sutbceS 1o Show ¢ (s not the A enrtity.

We S€€ 9(12) = (123)12)(321) = (32) #(12).

Thus |y |=3. o

(b) An ivreducible FOIyV)OYm'ﬂlI of deqree 10 v Z(x).

Pf: Take x'°-2.
This 1s GsenStern at 2, So 1# (S irredl. as an eft: of Ax].
Now Suppole x!1°-2 = j/x)A/x) for Some  g(x), hix) € Z[x1,

‘7[)(), hix) both not unmits of Z[<].

We know at least one of y/x), hi) mugt be a wnmi# 1 QG
(otherw se we would contradict the ireduc bility of x"-2 in @[
The onIy un'ts of @[X] be/anj fo Z[x] ard are rot umts of 2]
are /247‘?7&6 other than £/,
But 1ThiS 1s a contradithon, b/c the any ,‘n{-ef&rﬁwvrr of
X-2 n 21 are £1.

() A feld of size 4.
Pt Let |, be the integes mod 2.
Then K, [x]) is a PID, o its maximal ideals are exadtly its prime ideals.
In & PLD, an et (S pnime 1ff s freducible.
We daim that x*+x+1 1S ivired- in [, (x].
Since it 1S @uadmht , s ited. € i+ has arvot in ;.
Since 0%0+|*0 oand 1*t1%]| = |, we know X% x +1 15 (rred. ond hente
prime. Then K= H:z["]/(x"-\- X€|) (S a feld.
To See that it containg only 4 eltr., nohce that the relation x*=x+1 allows

usS o write any elf. of K as”atbx.
Tt (s cear that 0,1,x, and Xt | ave dishnet elts. of R/ (x*+x 1)

S

cevtain ly the diff. of no two of these polyr\ommls s divisible by a
Q,uadra‘h'c. 0

(1) An infinite Field of charnesenshe 3.

Pf: |5 has dharmcterishc 3.
Consider +he Geld extn. IF(x).
In F;(x), we knrow h-1=0 i n1=0 in By 7 3|n.
This tells uS that F(X) has charactenshe 3.

Hence the char. of the rational funchron feld 1K (X) is 2.
O

O



