AM ug_l, 20 l qZZ 2:27

@ v a ﬁ'r\g K, wrte (zL;(F\) for the group of 3Xx% matrices with entries in R
and determinant in the units R
(%) Give, with reasoning, & madvix in GLs(Z) with Gst w (6 10 15),
Pf: Note that GLy(z)= {A €M, (Z): det(A)=t |}_
Consider M being the matrix in GLs(2) w| fist nw (6 10 15),

deterraiaonts of

Then det(M)= GA-10B+15C = 21, where A, B, C are 252 madnices
Then A=1,B=-1,C=-1 gives () -10F-DIS(-1) = G+16-15=1V

Let M=(a' 0 105). Then det(M)= 6(1)-10(-1)+ 15(1) = 1

| 0 |

So the matnx /_(“o |(o 105> ¢ Glg(ZB S desired.

| 0 | O

(b) Let ZLX] be the Poljy\om(al (g with coefGaients in Z. Show Huat no
matrix i GL, (Z0D) has At pw (6 2x 3x).
Pf: Recall that GLy(Z[K1)= f A My(ZTx): detA)=2 1%
Consider MeGL; (Z0X]) w| Act ow (6 2x 3X).
Then det(M) = 6-A(X)- 2x-Bl)+ 3X C(X) = 21
(AX) BIK), ((X) art the determinants of 2x2 matnces (minors))
Baluate at x=0: 6 AD)-2-0-Bp) +30-((0) = *|
S b Al0)= £
e\ QR
/4

Therefore, thent does not exist Such a mamx in GL3(Z(7).
a

\/\/\/\/\/\M/\/\/\/v
(@) () Bor prime p, define a p-Sylow subgroup of a finite gnup G.

£ Let G Ve a finite gnoup St |G| = §Fm, pprime, pAm.
A Subgrou of order }7“ S mlled a p-Sylow subgrove-

O

(0) Prove that it a_p-group H acts on a finite seb X then
#X = # fx, (X) mod P, where FSXH()O iS the Set of points in X
Fixed by all of H.

PE: Let the diflrent orbifs in X be repreSented by X, K, S0 WE CAN
weite |x\= S| orb, |. By +the orbit-Stabiliter thm, we have that
iz |

Ovby; | = [H: S{'ab,(.‘]. We, als0 hawe that [H]| 1S 2 power of P, So
| 07, | 20 mod p, unless H= Staby, =2 [(H: Stabe,d=1 = [Orbg),
.¢.) the orat of Xi has length 1, which means Hhat x; i's a fzed pt.
14 we reduce |X| =%_'. lovby, | mod p, we get that all terms on +he
RHS vanish except “fov & contnbuhon of | fov each fixed point.
So we hawe (x| = [Fixy (X mod ¢ O
(¢) For eath prime p, pove that if P and Q are p=Sylow subgroups of a
%‘v\'\ﬂ”prvup (1, then Pand R are tonjwgate in G. (That is, prve the
Second” part of the Sylow theorems.) You may use part (b).
BE. 7,8 € Sylp(G), ler |Gl=p'm, pAm, and [P|=|a]=p".
Let Q act on G/P by left mulhplication.
By fixed-poinT congnence,
|GIP| = |Fixg(a/p)| mod p

Let 3P e 6/p be the fixed point in Fixg (6/P).

Then 13F=5F for all g0 = g"w P=P 3”@3 EP = 99=9F
Equivalontly, gq€ gP for all qe@ o Q <gPq" Therefore, Q= gPy,
since Q and 3]’3"' have the $ame Site, we are olone - .

N~ —— N TN

(3) Let F be a Reld.
() Prove tinat if £X)#0 in F[X], then it has at most deg £ different
roots tn
tf. T£ £(X)#0 had more than n=deg £ nots, then by the division
aigorithm  we can write £0x)= (X-a)(X-a2) " (X-am) where m>n.
But then the RHS iS a polynomial of degree m and the LHS
IS & po\vvxomn'al of o(egme n. 4

Thereore, £(x) must have at most n=deg ’Fa{ff#&fﬂﬂ‘f' roots in f:.a

(6) TF £0x,,. ) Xn) € F[Xy).o, Xu] whent Fis infinite and #ai,,an)=0
for all ..., & €F, then prove £=0 in FLX;.-, Xa]. You Moy use port ().
P& we will use induttion. The @se n=1 € part (a).
Now Suppose the claim holds for all j st. 1£)<n.
Let 78(7(.,---, va) € FD‘»;---, Xw(;] awnd ‘F(a“az)---, Qe )= 0 for all
Ri)Azy--) An) Aneg ¢ F.
We may agsume € Contains all vl indetrminants X, Xzj---) Xnsy 0Y eAS€
we Guld inveke the induchon by hypofheSn‘S.
Weite £ as a po\ynow\(a[ In (FDK\,-'-) Xn])[x“ﬂ].
That |'§) 'F(X\;"') An, XMI\ = 9k[xl)"';x'\) XV‘TH'r-.-"'y,(xl,--'/x”‘))‘llr\ﬂ"'go (KI;"'/XVI).
1t Gr M'j 'l'\‘p\(; (N,“z,---} am)é F" we have f(a)).-) an, “ml):O, then
%(O\u,...,dv.\=0 fov all 0<) k.
Sinte gy € FIx,.., )(v\], we concfude by tnducthion Hwt 93=0 Brall 0¢j<k.
Henee, £z0 whith would prove the claim Or the nt| Gase.
We cdaim that thiS must Le the aase.
Tf 3 (0,05, a.) € F" s+ £(a, ) B, Xuey ) % 0, then define
9()\) = —(’(au...} Op, XMO. Note Hwt g/x) ¢ FD(W,.]} a poly. in one variable
and Since f(a,}...jan,&)f 0 for any aef by \r\\\/yo’rkcsn’s, we See that
(x)=0 v all aeF.
Since £ is infin'te ,this would /'mp/y Ha y(x) has /hﬁn[fz(//v meny
otS. By part (a), 4= 0.
fut twis means g; (%, %a) = 0 6 each 04)¢ k.4
Sinté \C(a,,...,an, Xnt1) £ 0.
TMM\CDY‘(/ W< VY/VHQCA Hhe daim Sv He nt] AS€E. Now A.ff/‘y nductron
to Show s tue for all nep. a
\/\_/\/W\/\/\/W\
G) Let R be & commutative ving with identity

(0) Define what it means for At be a prineipal ideal domain.

P: B is a PID if every ideal in R is proncipal.
a

(b) Pave that £ R is a prinupal ideal domain, then every nonen prime
ideal in RS a maximal (deal.

PE: Since B is a PID, it is algo & UFD, go in B Tprimess={irved-§.
We want to Show that f (&) iS & nonzerv prime ideal, then for an
ideal T, ()¢ T <R either I=(a) or T=R.

Let (@) € R be a vonrero primé (deal. Then a (8 irred. (n R, so
A=UV wWhere worv (s a4 unitin R.

Suppose J (b€ R st. (a) (k) =R

Then b]ﬂt = bItAV, so b is either a unrt or an asSoc'ate of a.
T+ b s a umt, then (b)=R.

€ b (S an assSouate of 4, then (b)=(a).

Therefore, we Condude that (#) is & moximal ideal.
\/\/\/\/\/\/\/\/\/\/\/\/\/
@ Giive examples as rtq/ues{'ed,w&h\)uSﬁﬁ&h'om.

() A v\oncyul('c group that i not iSomorphic to a Semidirect poduct of
novtYivial groups.
tf: Congider As. The gp. As is nongyelic ond it does not have any

normal subgroups. Thevefove, it cannot be isom- fo a semidirect
product of nontvial gndps ( blc this requines & novmal sulaﬁp.)
d

(b) A prime p such thod the (deal (p,x*-3) in Z[K] is maximal.

7. The maximal ideals in Z[X) ave of the form (p) £(X)) where p prime
and £(x) 15 monic, irred. mod p-

Consider the prime p=5. Then p“-3 =-3=2 (5)
1*-35-2=3(5)

Terefore) X" =3 is irred. md 5. 2*-3=1(5)
2'-3 = (&)
4r-32=3(5)

Thus, P=$ is & prime <t (5,x%-3) in Z[X] i€ makimal.
(|

(€) A UFD that 1S not a4 eudcdean domain.

Pt: Consider ZIX).
T+ is a UFD since Z iS a UFD.
Z[X) is not & Euclidean domain bje it is net a PLD.
Consider the (deal (2,x) in Z[x]. It is net pringipal

Thevt ﬁiﬂ, Z[X] i¢ a UFD Hhat € net a butlidean domarn.
B



