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(D Let R be & commudative ring with identity, and let T and T be ideals in R
Recall that IT+JT = fr+r':reI r'eT], avd TIT 1S +he (deal gwem'f@l

lo‘y al| FdeMC'I'S rr! voth réT oand r'e 7.
() Prove Hat f I+ 7T = R, then 1= IN7T.

Kf_: 3t we will show Hhat IJ < I.N T
we know that TT<T by defn. since I is an ideal and

ikewise TLJ¢< J by defn. since T (s an (deal.
Sinte ITCL and I7<¢7, we have Hat I1J=1nT.V

Next we wil Show Hat INT <17

Let 2€INT.
Simce ItJ=R, for )(61,367) we can write )(-t-&‘/=l.

£ we can show that 2= z[x—ry) ETT, them we are denie.

2ETINT = 2T and z€T.

Observe -tinatf %Cm—y)‘-‘%x—riy € LJ sinte 2Y€TLT (2e1,4yeT)
and 2zXx=xz € IJ (xeT, 2ET).

Therefore, INJ < LU
Thus , we onclude that if T+T =R, then L5 = INT. .

() AsSuming Hut T+R=7, show +that for any ¢ and b in R there exists some
xeR suth that Xxza mod T and x=b mod J.
(Recall that Xz=a mod I it and on/y (f X-a € I.)

I: Since I+J=R, Ji€T,jeT st we can wrrte itj=l.
Let X=aJ+bi6K.

Obgerve +hat (Since i+)=1)
aj mod I = aJ'+m mod T = a[:'+J) mood T = & mod T

XEQ)’“M =
bl mod J = L}+bJ' mod J = Io(i+\j>moo(3' = b mod T

X = anbi =
Thentfore, X=ZA mod T and xZb mod T

Thus, we contlude that fov any a,b€R I x€R s+
Xzn mod T oand Xzb mod 7. ;

() Let P: Z = Aut(Z) by n+—= 9, |, where Y,(a)=(-1)"a. Define the senidivect
product group G=Z Ay 7.
(%) Write down the group law and the formula for inverses in G,

ff_; [ﬂ’b) (X/ y) = [ﬁ'f wb()(>,b+j)=(a1‘("l)b)() lp'r'j>
fr invesse: ek (a+(-1)"x, b+y> = (0,0)
Then g e(-1)"x =0

b - _ -
R x_ __ZL a ){—b > (al1) b)_bB
R
and Io+y=0
% lj:—b

The 9p- law is [m,b)[:(,tj) = (a+[-|)bx)b+j) and the tverse of
(ab)E G s (at-1)"",-b). D

(b) Bnd the cender of G.
Pt 2(G)={xea: X9 =9x Vjéé} ={x€G: 3)(9"‘ = X Vyéé}

Let (a,b),(x,j) G
Assume (x,y) ¢ 2(G)

(a,b)(x,Y) = (ax(1)°x, bty) } X=a
(xy)(a,9)= (e EVa, b)) Y= o 2
(a+(-1)"x, l9+y)=[x’r('l)7/{, y b)
e want Yo fird x,y ¢t this holds Va0

at(-1)°%X = xt(1)a
[a,WX.g) (a,b)"'= (a+(-1)°% +A[-I)Y+'/ 53
et (x19) 7 (ax L) x e al)"", ) g

5 x= a+ () xta-)" s x-1) x=atald)
X ( |+(~I)”') = & (1+(~1)7")

\‘.fbe/ﬂ, I‘1£ a=0 , then X (' ‘[’("’l)b_”) =0 = X=0
i(D\rlﬂ: f (K{tﬁ e 2(6) +hen [A=0/17=\> (s mmutes
1(6\// wi (\uj\ 8 72%x=0 = x=0

iy is €on ther (0,y) € 2(6)-

@ n & Commutahve waﬂ R, an deal R s oalled primary if whenevex any a
and b in R Swh'sfy abe€Q and a € Q, we have L"€R for some integer
n=zi. (EﬂLuivo\le/\Hy, I+ ab=0 mod & and a¢0 mod R, we have b"=0 mod Q
for some integer nzl. That IS, 1n the n‘ry R/Q any zerv divisor & nilpotent)
Show Hwut the nonzer Pn‘mal\\/ tdeals w o PID are +he ideals of the form
(P“) where p IS A pn’m element and n s a pos'l"h}/e /'n‘l'eﬁar. You may use
that a4 PID r¢ a UFD.

rf: we want fo show that P=(p"), where P is a nonwem privany ideal in a PID R
since K 1§ a PID, all nongero pr.'maty ‘deals must bt prindpal.
Let P= ().
We WTS &X=p" for Some p prime, n=1.
Let 4 bea prime factor of & | 4|&.
Then we can write 2=¢-«' whert «'€R.

|4 ) so ' ¢ P = gneP, n2l by debn of a primany ideal

"eP = oL|g".
Sinte PID = UFD, the only fachw of 4" are 1,99 ...,9"
Therefore, =4 for 1¢Kcn.

o = (unit- qk) < (ﬂ,k) . .

@ In R line-plane pair ¢ & pair of subspaces (V,,V.) where V, € Vy, dim V, =1,
and dfml/fZ. The Standard //'nc-plane pair rn R? s [/Re,, Re,-rﬂ?e:_) where
e, = (1,0,0) and e,= (91, 0). let & be the sef of all line-plone pacrs in IR>.

(2) The group GL(3,R) of invertible 3x3 real mamnces acts on § by
A (Vl,\/z,)z (A(VA,A(V;_“, whert A€ GL[g;,R) and (Vl,‘/z)es. Pove +hat

the stabilizer Subgaup of the Standard line-plane pair is the group of
invertible MWW-‘MM ular mamces in GL(3, R (with arbitrany nonter

entnes on the diayorm)%.
A (Re,, Re Re, ) = (AlRe), A(Re + Rez).

b
Let Az(f(‘ . 1‘;) € GL(3,R).

9 h i
AlRe) = (2 %;)/é)m(j)m

J‘ ) /ﬁ)w[é)R
Tn order for this fo beinthe Sabiliver, we need g 0

S g0 b o\ [/ 0 @ b
abc
A(Re, + Re,)= {o{ ¢ f){/”)m+['>m>= [”’)KT{@)WZ
g hoi JALO 0 9 h
Tn order for thiS +o be in the clabilizer, we need /;) ”{»r(g)"z\:(;)ﬂ(* (?)IR
n| o Lo 0
= d’9=0 from before , and b=h=0 9
Tkmfuve/ A= (%\ g 1%) € CaL[Z,IK), ard A is upper- triangular.
00
The Stablizer Wbﬂf' of the Standard line- plane ‘oa(‘r (§ fhe g toup
? [ g\g 1% ¢ C‘JL[?,W\% of invertible u(pu——l'n'anﬁu(qr mafrices in
0 0 i
GL(3,R) [w] Mbifmy non-ttrd entries on the d:‘oﬁoml.\.
0

(b) Prove that the GL(3,R)-achon on S i< transitive.

Pf: Transifive means 0nly one orbrf.
We want o shoW that the Standard line-plane pair can be

transhormed o any line- plane pai.
Pick any plane and A vechr init (o «rbifrmfy [ine-plane paiv).

Pick MEGL(3R).

dard = arb-chofen
Show that - M- STpp o

The Standard LPP 1S n &/&ry orvit and fhe orbifs ave Supposed +o
be eithey +he Same or AiSjoint

Th@vfﬁrt’/—f-hm (S an{y one orbit
i

@ Give examples as requested, with brief jushfication.
() A maximal ideal tn CIXY) whch contains the ideal (xy, x*-1).

P (xy, x*-1) = (xy, (x+ N(x-1))
A maximal ideal in C[XY] whith containg +he idea) (xy,x?-1)
ic +the ideal (y, x+1).

T+ S dear that (xy,x*-1) < (y,x+1).
Obsorvt that (L[-X:Eﬂ/[y,)(ﬂ) = /JD(I\V]/[Y)>/[K+))

< (E[x]/[xﬂ)
ZC = feld

Thartlre, since COxvf) (g, x+1> 15 a freld, we have that e

roleal [y,xﬂ) 's maximal. -

(b) A ring R and ideals T od Tin R such at ITEINT.

P Let R=2Z | 1=6Z ard T=8Z.
INYT=06Z N 8Z = 242
bwt IJ= 6Z- 82 =487
1T+ TAT (292 +#48Z).



