Januay 20l

() Let F be a Reld. Pove that FIX] 15 a Buclidean domacn.

PE: we want o show that if £ g€ F[x] with §#0, then there are unigue
9,7 e F[x] St

0) —F:q/ﬁ‘k r and @ r=0 or p((ﬁ[r)édej[j).
ht we will Show wniqueness ot g and v in F[X):
Suppose += yq/,ﬂr, = jclﬁrz with 47,1 € F(x), p(chr,-)q(ej [j>) i=1,2
Ten 49,00 =(93:2%) =0 > g(4=12)7 (7772) =0
j{‘l,l'iz> = -V

\_—w
I 4Tz, then If ,#n, then -0 #0,

D=4, 0, then then deg (ra-r) < 4eg(9)
deg(g(4,42))= deg(9) + deg (4,74:) = deq (9)
So *ﬁom 3(0]/,—'61,7,):6_"6’ we ?"" tha+ the LHS 2 dcy(j) and the
RHS <deg(y). 4
So ‘L,:%L) whi ch gu‘ref us j(ﬁ,l—qﬂ'):o 2Vl = n=ry
Thw«core, 4, € FIx] are unigume.
Now W& will Show exigtence of 4,r €FIX):
Given £,9 €FIx] with 9¢0
If £=0 “or 0[63(10)4 eg[ ))-H\m\ F=3-0++', 0. 9=0, r=1.
Now Cuppose olej(P) Edeg (?%
i)

We wil tndact Yon de =M : the aseS <& m édeﬂ(j)-l are olone.
When m= Aeﬁlj), write out

'll‘: am)("-l’ am_,XM AR/ P S o and

4

g: bhx’\"_ b”_, x""'('-f-b,x.’.bo | m_én’ amlbh#o
Consider £(x) = Am

b Xm-ngfx); where we can use “—;“n«lp,\: am blc F=Hhed.

n

= ’f(x) —%XM-"j [X> = [ﬂmxm* 4m—()(m~‘ +. .-+)—%\ 7 b X + bh-\xn-|+"'>

- m a by\-— m- |
:[AN\XM-‘-&W\—' KM "('.,.)-' M.W\x - ”Ln [x - ...
So Hae A(ﬁrﬂe m terms my\wl au:‘]'/ and +h (S f’al:/. ecther has p(cy O or
degree <m. Tf f(K)"%'fX”'"g[x)--oﬁhm Fx) =32 x™"9(x) + 0, <o
i %X'“'" ard r=0.

If F-f-22x""gz0, then cince deg(F)<m, by induchion we know

3 Q REFK] ot ’bﬁa"'K/ R=0 or de][K)<d€7(3%.

=T =/. 0m M- = am . m " R .
f=A1 —E\X 9"9&+K j(bn 'r&)*w

~—— s

tl/
@ Let Dan be the dihedral gﬂ)u( of order 2n, with n23.

O

[~} Let p be an odd prime pnd let H be a Sylaw p—gubjmq,a of Dzn.
Prove that H is a normal subgroup and cyelic.

_P/"[: Let Zn=]7'<m for some prime p ond meZ s M’MJ So fk 2n
= pln ble p S odd.

Let |H|= ,?K Since H (S a Sylow p- Subgp. of Dy
We want to Show that H Contding no reflechons.
A reflechon § haS order 2. since § =1 and a reflechon r¥s aiso
has order 2 gince (rs) = rEsrrs = r¥ssr™ = prsrr™”
BV\"’ “’”‘-’—'FK, P 06‘0( pn‘me) so H haS no elements of order 2.

Now we want 1o Show +hat any Subjy- Cﬂh?‘ﬂfh:’r\f an‘/y rofahons ¢S nermal.
Let H be a Subgp. only contacnivg rofahons, so H=<r%> Jdel.

LC"' f"s € Dzn ) +Hren rksrd[rts)"g rKSrASr-k _ rk-’(szr.-lﬁ _ r-o{ € H,
and for r*e Dy, ) Then rkra(r-" - rlt+o/'1<= e H

Therefore, H 'S normal.

Snce H on(y confacns rafations, we krnow that H ¥ ¢yelre b/c the set of
rofahonS s f’,f,f"/...) r"‘"'}= <r‘>/ (s %M:Z.

Srnce His a Subgr. mc a cyol.‘c (7?'7 s Cydr’c.

=rkr’=|.

O

(b) W‘(i'\’(v\j 2n=2m with m odd ond ezl, prove Hut the number
ot Sylow Z-5ubgroups of Dzn is m.

ot By the fist Sylow thm, we Fnow there exists a Sylow 2- subgp. P st
IPl=2%, fov ex1.

I N4G and P (s a p-Sylow Subgp. of G, then PAN js a p-Sylow subgp.
of MN.

(@) Find (with peof) & product oF tyelic Jrougs that is isomorphic o the
group  (7/122 % Z/122)/{(2,0).
Pt By Layramgc's theovem, we have Hat
| (202 x 2z} /L(2,65) ] = E@'_.%
We can tharnk of the§ 3”“? as
H= (Z/122 * Z/IZZ)/ZZV',W\

The prime fackorizodon of 24=2° 3.
Ey the ﬁmd-‘fhm.o('ﬁim.yen . dbelian gps., we Enow that a grovs of ovdler 24 &
7' Somorphcc o
2/247 , 2/12T*2/2T /672~ %z~ %)z
[(a;b)] = [em( 1], 1b])

In the on’y;'nal qp- theve 'S no eft. of- order 24, 50 cant be *
The only possible ovder of dfs. 1¥ fachivz of 12.

»%x M ay edt. of order 12, but =~ = does not.

{(2,0)} = {(2,&), ["f,o)( (G, 6), (8, 0), (lo, 6)/[0) 0)}

woant  (a k) st [Cab)l=12 v Zl2z xC/izgz

we don'd want niab) € L(2,6)) unless n=12

nonex: (1,0) bic 4(1,0) = (4,0) {2.6))
1LY =12 c~n 2[122 %2125 and 11 ¢hl| ha§ order 12 v H

= £ Znzg*r Yz

= 24.

cl

@ hr each ivx‘l’qﬂf d Ha¥s not a forfcc;l' Square, let Ky be the set of
all Z-by-2 matnrices of +he form /gt W) with a,b&Z. Show that
A

Ky 1¢a ;ubn'ny ot the ring of Infegral 2-by-2 matnces Mo (Z) and +hat
Rd 1S iSomorphic 1o the r:‘mj Z[Vd].

PE: 65t we will Show that Re 1S A Subrirg of M2 ()

et (8 v) [CD)eRa 0 abudie e

bd ¢ ed a+c bal+ea()_ +C [Hc)a’) ble Z+T=Z
ﬁa)*(t C)— ’/L 6k

" (bte atc te atc atrc €T
So Kd (S closed uncler adoli'hon. bte €Z
a bd\/c ed)_ [ac+bde aed+ba/)= actbed (aetbe)d L P, bl T27E
b ac) ¢ C ) B bctae Ldefac q¢€+bc ac+bed a;—ib:o{eezz
a C
S0 R4 5 cosed wnder mulhplioahon.

Let a=b=0, then gaﬁ) eRy and let a=1,b=0, then (37)6&/
So Ry contains +the oaddehve and mulbplitabve denhties of Mo(Z) .
TP\WFDVE’, R4 (S A S(Abn'nﬂ of MZ[Z). {/.MJ‘/' neeof mu/t. 14.)
Now we well Show ot Ry S Z[4].

et 9 2[4d)— Ra st platbfg) =% “
Y s a homomorphsm: [ef atbdd, ct eld e Z[1d). Then
f (@ tidd) e (crelad) = p((are) +(bre)id) = [A1] (red) _fa S ) (8

bte afc ), a e c
and

= y(a+ b{d)+ ¢ (ceeld)
lf/[Af“Z)[Cfeﬁ»z ‘//[M'/‘bed)-!—(ac-fbc)ﬁ): actbed  (retbe)d

ae+bc ac+bed
_ /A L4) ¢ ed

b a /e o> B V[ﬂ'fﬁ-a)W/C*-(,/Z),
Sy s Injechve : Let atbfd F 2, tbodd. Then )
_Ja, bd\_ a1 bd\ _ plg.thdq) = V=92 , b =b2
V/alféfu-) /l’I( dl) b, ﬂt) V[ 2 So lf/ﬂ/)’f‘lﬂm)# V[ﬂz‘f'bz'r;()
Thaetove, ¢ /s ' jechve.
Y s Wlf]e&'f;w: Let /";l Zd) eRy. Take Atb{deR4. Then
plat ba) = b [Z\A)- Thovefpre, ¢ I Su(jechve.

chvf'ﬁ)w{, Y S an ;'nj.) Suo'.) hom. = YIS an (Som.
Ths, Rd = Z[I7).
@ Give examgles as requested, with brief jushtication.

(b) A commutahve (ing R and an element a0 or | swh that a*=a.
PE Lt R= 20 x Ty

Them (1,0)* = (1,0)(1,0) =(],0) * 0 ov |
/Olo)zz (0)0)
[[l’)z = (l,l)
(0,1)* = (0,1)
So Ris a comm. Y ard (1,0) tc an element £0,1 §-T. (1l,0)*=(l,0).

a
(¢) A non-ivial goup with trvial center, 2(@a) = [el.

Pt Consider the nontrivial gp- D=7 1Lrr? s, s, res
2(Dn) = {2€6Dn: Y96 Dn,2g=9%$
We know trat rbs=sr™ o tais only cmmuter of rF=r
wWwhith (S not the case. (S,v,r* & 2[D333
Show v, r*s & 2(Ds): rs(r2s)(rs)” = rertssy™'=rsr=3s
Thevetore, 2(Ds) = fe3. .

(d) A nonabdian group of ovder 12 (pnStrutted by an explieyt
Cemidirect Pmoluc-l'.

Pf: ConSider the semidirect pmdubf- Z/(3) XN T/14)

9: Z/l) = Aut(zz)) = (Z/2)) by k mod 4 > (=1)* mod 3
W use the group law  (ab)(¢d) = [a+ /-I)bc/ b+d).
Théc can on/y be abedian F ¢ 15 Hivial (9(k)=d. VE).

Since ¢ (s nontnvial, Z/(3) X)S” Z/14) is ngnabel;an. -



