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@ Let @G be a %VIH'& group and P a prime number.

(%) Define a P'Sdlo"" Sul?jrbup of G and state the Sylow Theosrems
for G.

Let IC:!'-f PaW\ s.t. P*m. A F-—Sylow squp. of G is a subgp. of G
with order the h{yhe.ﬁt power of p +that divides |G|. (1p]=p")

O Lef Sylf[&) be the set of p—Sylow Subjps. of G.
§y1f[@) + &
® Let PR GSylF[el). Then &=3P9" for some g€ G.
® Let np= B of p-SYlow subyps. = | €y4p(6)].
Then np 2| mod p and np|m.

(L) Tf Hisa P’Sj\ow subgrup of Gand N is a novmal subgnup of
@, prove HAN is a p- Sylow Subgqroup of N. (Hint: Consider +he
ovdew of HAN relafive to that of H and N.)

Pf: Let |G| =pm , pA'm, IH|=p"* (H4G,N26G)

Since N“(ﬂ) we have that HN (S a Subyp. ot Q4.

I[HN| = [HIIN] _ P2 NI
I[HANL  |HAAW|

Sinte HE HNC G, we an wiite |Hal=p'm’, pkm', m'|m.
pim' = p"- Nl wt = ]
IHAN | ~ [HAN]
b
Let [NI=p°L and [HAN]= pb g so m=PA - p"L 5 n=0 b
P ) b-n K !
P K P4 m
S0 |HANI=¢" whidh ic +he highest power of P in |N|-

There PDr(} HRAN (s a P"Sglow Sq(,gp. of N.

O

@ (a) Let p be a prime. Prove the group GL, (Z[pZ) has order

(p*- (™ p).

Pt &LZ(Z/Fﬂ = f/\ € MZ[Z/pZ): det (A)# 08 \ b)
Let an arbibuy mamx MEGL;,(ZIPZ) be M“(c d)-
We know Aet(M)= ad-bc #+ ©.
For the Gt olumn there ave pr-1 ophims ble we can have any
paiv [g‘) except a=c=0 blc then det(M)=0.
Br the second @lumn thene ave p>-p ophionS ble we can have any
paiv (0 except for the Scalar mulhple of [2) and Since we are i
Z[pl +hene ave p Scalars.
Thevefort, the gp. 6L,(2]p2) has ovder (p™- D p*-P). -

(b) Construct a non-trivial Semidivect product (zf 31)734\0 (Z/3Z). That is,
tonstruct a Semidirect product where y: 2/32 — Aut((2/3Z)) s
not Trivial and explicitly descrive +the group law in +he semidiect-
product. (Hint: At((z/32)") & C—:Lz[z/sz).)

P Let 2 Z/37 — Ant((2/32)") = GL, (Z/32)
Obstrve +Hhat |GL, (2/32)|= (3*-1)(3"-2) = 8= U8 by part ().
We know tnat 19| 3, so (9] =1 or 3.
€ 19 =1, then ¢ is the trivial homomorphism.
So let t()[l) be Some element of oder 3: P01)°= T4, V(1) # .
By [ﬂ(uchy's Theorem , there (S an element of order 3 Since 3 [48.
Observt hat [] 2’>”=($ ‘3), So 12—) IS on element of ovdler 3.

Let (/(n)‘-'[é,Z)". .

TS ¢S well-defined blc the matnx has order 3.
The gp- law of this Gemi~direct prod. is:
e+ [[a,b), c), [[x,y),%) & [Z/BZ) Ay (z2/37)

((a,h), ) ((x,9),2) = ((a,5)+ pe(x19), c+2)
(B 6D, )

(¢) Show the 0nly semidirect product (Z/7Z)" X9 (Z/57) is +he
trivial one.

P Let y: 2/58 — AWH(ZI?E)) = GL.(Z/72)
obsenve tnat |GL, ()72 = (F*-1)(7*-2)= Y48 Y2
we have that [9(1)]] 5, so [y0))=1or &.
,(f[')l 75 b/c 5/1/ 48-42, So there 8 ne element of orde, 5, Ly
La mnyc’s +thesrem .

TI"W#’V‘-’/ ILf(/)/= [, So vy 1S e tn'vial homomorp iSm- o

@ Let ;=1 in C.

(d\ Shaw 'H’\A'l' Z['] and Z[ﬁ] Are iSomorph('c as additve Wuff.
Pf: Let y: Z0)— Z([§2] by atbi O a+rbl=2 .
i< a homomorphi'sm : let ath, Ctdi € Z[i]), then
y)[[a-fbi)w“/cm(i»--' L/[a+c+(b+p{)i)= atc +(bed) 2 = atbl2 *ctdi%

= platbi)t Ylctdi).
Y (S cdearl Cu(/'fohw since atbir—oatbh2 a~d g Y )
p IS injective smce of atbi# ctdi, then (/[4+bi)= at bz # ctdfz = y(ctdi).
WWﬁV\’/ Y 15 an rSomorphiSm. Thw, Z[) and 17”'_2«7 Are ffom. as ada/.‘yfsx
(=)

(b) Show that Z[i1 and ZUFZ] ave not isomorphic as 11rgs.
Pf: Assume @i Z[{=z]— L[] was & rng isomophism, then (F2) = -2
= ()" - Y (-2) = (1) tY(-1)= 2
Let %[Fz) = x+yr'. Then (x+ y,‘)z' = x*- yz-t-?,zcvu'.
(/[FZ—)L = [X-f-(t/l’)L: -2 = )(‘7'— tjz'*- 2X3f = -2
> x*y®= -2 and 2xyi=o0

If X=0,then —y* = -2 no Soln.1n Z-
If y=0,thtn x*=-2 po solv. in Z-

ThuS, Z[EY has no soln. to ,(7’= -2.

Tl@tneér\e/ Z[)] cwo 2[i72) are not Som. af€ rrgs. -

@ () Fov an fn{—eﬁml domain A, define an irredutible element of A, a
prime element of A, and what i+ means tv say A is a unigue
factorization domain (UFD).

‘An element a€A i irreducble ¥ a#0, aEunt and when a=uv, n s a
unt (v is a unt mulbple).
" An element peA s piime f pF0, pfunit and when F[xy ecther
/?/)( ov Ply (x)Y EA).
A S a UFD £ (1) every 4GAJa#0/ﬂ¢um¥ has a factorization
a=ppa-px (K21) whee pr are irred.
(2) £ f’rfz"'fz‘:Zziz“’ 9¢ with pi,g; all ired. then
G k=t [same # of fachrs) and
L after Vvela.be,l;'py 9= Ui pr oy Ui eA”.
(b) Prove that in a UFD ey irreducible element i prime.

Pf: Let B be a UFD and let peR be an jfred.elt- and assume plab for gome
nbeR. WTS pla or plb.
Since p[qb, dceR s+ pc=ab
Wn"h‘ny a and b ag a product of jrred, we See Ao m pe=ab and from

the uniqueness of +he decompositron info 1educbles of ab hat the eff. p

mult bt assocate 1o one of the irreducibles occun’;y 1n erthey the facfovizahon
ofF A ov b.

WLOG assume p 15 asSotiafe 1o one of the irred. in +he factn. of 4,
/:e'/ A can be written as a=[u/>)P;P3-"Ph for a ani't u and Some
(possivly emply Get of) ireducibles py- . pn .

But then F/A, Since a=pd where d=up.-- pn. a

@ Let R be an l'm?ﬂml dowain. An element SER that /s net zero and net
A unit is called “Special” if, in the quohont ring RI(s), eath wset is
mpmsmm( bg O or 4 unit fiorm R: for each ae€R we haye a= 0 mod (5)
ov 4= U mod (§) where neR”

(a) It SeB is spetial, prove that the principal ideal () in B is maximal.

Pt Suppose seR ¢ special. To show that (5) in R 5 maximal, we will Show that
RI(s) (s a field.

Let X+(S) be anonzery elt.in R[(5) (if i were O, then oF has no mult: inverre).
Sace (SY (s special we know either K+(s) = 0+(S) or X¥(3) can be vreprecented
by a unit.

Since Xt(S) (S nonhterd, We cavr write XH(S) = u+(s), where U s a unet in R.
Sinte u 1S a unif i K, U’ eXists.

We cdarm [x+(s)])7 = u™+(s).

Obgewe [x +(s))[w'+(s)) = Lut()I[u €(S)) = uu'+(s) = 14(s)

ThuS; every nonter et in R(5) (S a unct ) re., RI(S) 5 a fefd
Theretore, (s) (s maximal.

(b) In Z[i] prove I+i is special and 3 (s not special.

ff: Let's assume a+bi+(111) € 0 +((+1).
Then apply the division ayorf-l-hm 4o atbi and 111.
TS results in an equahon of the form
B athi = (c+di)i+)) * (e+fi) where Nfe+Fi) < N(14) = 2.
So, Nle+f)=0 or | and it can't be 0 Since a+bi & (1+i).
Thus, pMetrf)=1. So €etf=1],2i (units in ZC‘:]),
IF we reduce @ by [[1-})) we jc—f Atbit (111) < (1) + (Ii) , where
e+’ 1S a unit > [+i S Spetial.
Jo Show 3 i€ not special censcder 2+(2) i L[V)/(3).
The only unit< in Z07 are *1,t1.
2 +(3) E0+(3) = 2= 3(atb) = {=9N(a+Li), no soln. yn Z
ZE(3)E 1+(3) = 2-1=17% 3(a+bi) = | =In(a+bi), no Soln. in Z
Z+(3)F - [+(3) > 2+1= 3=3(athi) = 9= IN[atb]) no
24(3)F i+(3) % 2-{ = 3(atbi) > N(2-i)=3 =9n(ath) ro
2t(3) # “1%(3) M 24 = 3(athi)® N(Zti)= 5= GN(ath) ne
Therefove, 3 (S NoT speya|. o

() Prove that there are no special elementts in ZLX). (Hint: Apply the
definition of special with a=2. and with 4=x.)

Zﬁ Let's assume F(x) €Z[x] is special . Oonsider 7 € T[K]. s
since £(X) is special, either 2= 0 mod FIX) or 2= U mod ) [ “uwt)
Note +hat X[ are e only uni'ts in Z[x).

220 mod {(x) = 2€ (Ax)

Zfl Mmoo| ‘IC[X) = | €& [ﬁ[)()) j ;;ga?e{\f?f’mnff/iw‘/f
22 - mod f(x) = 3¢ (£(x))

2= £(x)9x) > f(x) = %2 or x|} FX) Cannot be T, <o fhe only cpfions
3=+‘(><\Z()<)%7‘/X)=130r1-| are HRY= 42,53 (23 o ived]

USing The eH. X € 7[X] y : |
K20 mod flx) = X=+x)9lx) 3ﬁ‘m can't Mpeen ble leading ferm will

a0

have coett. *£2 or 3, bt fhese all
X= | mod £lx) > X~ =Hk)h(K) /

h L0 A
x=-| mod £{x) = x+l=f(x3j(’<) e e |

@ Give exampleS as requested , with justificatvn.

(2) A finite group of evon onder that does not have a Subgrup of (ndex 2.
#: Consider the group As.

MS‘z —52: =60, S0 As S A ffni‘l’ejnwr of even ordes

The gp- As s Simple, Which means that +he only normal Subgps are
the frivial gp- and tse, neither o which have 1hdex 2.

77.ey~e{'pm/ As IS a ﬁ‘n.jp. of even order fiat does nothave a fbtbjf- o
index 2. O

(b) A genemtor of the dharacter group of Z/MZ.

() An irredutible polynomial of degree 3 in (Z/32)[x].
Pt Considey +the polynomial X3+ 2x+1:
D:+2-0t|=) mod 3
1+ 21t =1 mod 2
2t 2:2+ 1=/ mod 3
(For & quadratic or cabi'c, i€ The poly. has ro root => icred.)

Therefore, X3+2x+| 15 (redudble in (z/3z)0<1. i

(d) A prime factorizabon of 10 in Z[i].
rf. 10=2-5
2=(1ti)(1-1) n Z[i)
S =(1+2i)(1-2:) m Z[i]
N(Hl') = 2 whigh s pnme, So 1+i 1% irred.
N[I'f’Zi) =5 whith (s prime, so 427 1€ i'rred.

Thercfore, 10 = (I+()(1=i )(1+2iX1-20) o ZET.



