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® (a) For n2 5, detrmine with ?ﬂ>04\ the wnjugacy classes of the dihedrad
group of omder 2n. (Hint: sepavately” consider eren n and odd n.)
ff: EVOfy eheoment of D, (8 ' or r's {or Come (€Z.
T order o find 4he conjugacy classes of Du, we wont fo Gmpute
c'gr’" and S 9 (ris)” = r'sg Sy ¥ 9€Dn.
Let r eD“I J eEZ. Then r‘rJ Yﬂ = r'\‘J and r"S FJ gr..' = r-\j

So for je Z) the orxlj (.,oqug'aVs of r\i in Dy are () aym\ )

Pr §, we hawve ST = >s and risssc’ =risr =r2s,
Sofvr (€ Z, tne only conjugates of S in Dy are the reflections
1S with an ewen exponent.

Tt n (s 0dd, then eveny integer mod n s & mulhple of 2.

Go when n s odd, ¢ is Conjugate to enery veflechon frés: kez§

T nis awen, then we only get half of the veflechong as conjugates of .
The o’rhq W\\w"’ are Conjugate to rs: |

rilrs)rt= (2t e and  (rig)(rs)(sv)= s

AS i vavies i gives us fes, 8, ,y"'s5§.

So (f n s odd,'ﬂ«w\ the wn\jugaq/ casses are 113, ("i"}J ir'st for
0&isn-I.
I{: n (s wm,*khw\ the COV!JMydCy cdasses ave il%, Zr/z?}) ir‘.S?S,

irl(szlirz\‘\“s} 'FDY Oé]é%—l,
[

(b) Let ¢, be the number of ww\)ugacy dagses in the dikedral group of

order 2n. COW\P\/H’@ lim GCn
N0 N

Pf. When niSodd, Ch= |+ n+n =2ntl

Co lim ZL.” = 2.
W N

' — 4 N N n

WV\W\V\‘SWMI CV‘—|+I+1—+Z¢E=2+Y\""2’_.

So lim 2t _lim Htlnth _ jim Yt3n_ 2.
n=ak n n=be 2n Ak on 2 -
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@ Let p o be the Smallest prime olt'v(ol('f'\j the order of o finite gvoup G. Prove
that F H s a Subgroup of G with index p, then H is 4 normal swognup.
(Hint: Look ot the left multiplication achion of G on the lef+ wsets of H.)

pf: Suppose HE G and [G-H)=p.

Led Ty be the permutation reprecentation afforded by muthplicaton on
the set of left costrs of H in G-

Let K= kerlny) and ler TH:KD= k.

Then [G:K] = [6:H]H:K] = pk.

Sinte H has p left cotets, /K s isomorphic to a subgp- of s,
by the first (Som. Ham.

By Lagrange's thm, pk= , C’/K’ divides p!.
Thus, kl_%' = (p~1)!. But all prime divisors of (p-D! ave less than p

and by the minim ality of p, ewer) prime divisor of K is greater +han

or equtll 7'2}9. s forres k=1, So H=K<aG.
a
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@ View @ and Z as addive gnups. By ae Z, set Y,: Q= Q by 9, (£)= 2°¢.

(&) Show Hhat a 1S an automorphism o€ (the additive grmp) R fov each a€Z
and  Show Y: 7 — Aut(R) given by at=> Ya is & homomorphism of gps.
Pf: Ast we will Show that Pa (S an aut. of R Gov each aéZ-
Lt Y€, then g, (xty) = 22 (Key)= 2%+ 2°9 = Pa(X) « aly)
Thorfon) g, is & homomorphism.
o A Y.
isono: Let yeR, then Yalx) = 27X Y 9 K= & -

Qs L Let XFY, then Pa(X)= 2'X # Yaly)=2"y
2%x=2"
272V XY > k=Y Y
Therefore, Yo (s w bi\)'wh'v( hom.. Thus, Ya (S an anfonorphism.
Now we will Show that ¢ is 4 hom. of gps. We WTS
PAtL) = 9(a) tip(b) = Yy, = Y0 P, -
By (X) = 2% = 9% o¥x - 2"y, (X) = Yq (1, (X)) = (Ya o) x).

Therefovg, Y iS & homo morphism of groups. -

(V) Set G=QRXyZ, a semidirett product. In G, let H=1(m0): meZT ond
x=(0||)- Pove +Hhat xHX'c H.
Pf. Let (m o) e H. Note that (o,1)" = (0,-1) bje (o,1)[0,1) = (0,0).

We have +hat x(m,o)x" 1S

(0,0 (m,0)(0,1)" = (0+ \{),(m))l+0){o,—l)={z’m) 1)(0,-1)
= (zm+y, (0), 141}~ (2m+ 2"-0,0) = (2m, 0) € H.

Therefore, x Hx" c H. .

(c) Shoév tat Xx=(0,1) is not an element of the normalizer N, (H) of H
in @.
P NQ(H3=iye&:yHy"=H}. .
We WTS hat ’FDT X""'(oll\) XHX '#H
rom par+(b), xHx™ i¢ "\\Watjf jofnj tv be of He form [Zk,o) for kel.

Consider (1,0)eH. (1,0) £ xHX™

Thoreort, X=(0,1) is not an element of Ny(H). .

N~ — T T e — -

@ (a) Define a Buclidean domain ard prve all ideals ina Backidean domaiv
are prinupal.

Pt An integral domain R is a Balidean domain i£ there excsts a
Buchidean funthron N:R-f05— N St for a)b R thert excsts
g,v €R St a=bg+r and r=0 or N(r)4 N(P).

Now wé axre gol'rg to pnve that all (deals in a Baddidean dowain R
are printipal- Lt I be an deal of R. I I=(0),then I is principal.

Let T#00). Let meTI be the element w/ least POSSI'b[c novm n T

for any ae T, we an write a=mgsr wf
r=0 or N(r)<N(m) Since R iS a Buglidean domacn.

Then a- Mmq =y el = r=0 ble of +he m(m‘malfty of He norm of M.
So we haw a=mg = mla. So I=(m).

Thenefore; all ideals in a Guchidean domacn are prinupal.
0

(b) Prove FIx] is & Buclidean domain when F s a field.

PE: We will prove that when F 1S a field, for £(x), 900 e F[x]  there exist
q,(X\,V(K\ e F[x] st f(x)= j()()ét(x)-rr(x) where r=0 (deg (r)=0) or
deg(r) < deg(g).

- Fist, we will show undqueness of ¢lx) r(x) described alove.
Suppose  H(x) = g(x}@.(x) t 1 (X) = g(x)ctz(x)Jc () ) (K)4i(X) a

Stated above, =12
Then 3()0{6{,(()()- q,z(X)>: r(x)- 1 (x).
6 ) # ((x), then v %0, 50 deg(n1)) < deg(9)
If 4,(x) 7 9.(X), then 4,-92%#0,
So deg[g(i,-gu)>= d(ﬁ[j)fdc‘y[q,,-zLSB dej[j)- 7
This (S not possible: RHS has deg. < deg(9) and LHS has deg = deg (g)
Therefore | ¢(x),r(x) are unigue.
“Now we will show existence of 4 v(x) e FIX]: (et £{x), 9 (x)eF[X], g#0.
Suppose deg(£) < deg(g). Then £(x) = 4(x)- 0 + r(x), 50 4(x)=0, ((x)=+1).

Now SuppoSe deq(f) 2 deg(s). Then we will induct on deg (¥)=m:
the cases 0ém éd?{"] -] are done. When Mia(ej[y) write

'/'[XB: amxm Tadm- Xw—,“l‘...'l’ a4, X+t /B and
'7[)()'-‘ bnxn-fbn_lxnv'-(-...-l'b,)(‘l'b,) am,bn%oj mz2n.

Consider  £(x) = %"_‘ X"""y[x), wherg we can use m |, =am blc F=fidd.

b
Th(l\ 'HX) - % xm—ng(x)z [a,.\xm+...+a,,) - i‘_t)(m-n[lghxn-l-.-.-f Ioo)
= o\w\xm‘l'"'{' Ay ~ amxm_ “"Lb"’l XM’V\" e

S0 the deﬁwe m terms cancel out) and thes poly. either has degvee 0 or
deg<m- & T £x)- K" glx) = 0, then 6= X" Tglx), s

q,(ﬂ: %’T X" and ¥(X) =0
£ F=f-2x""q %0, then Since dej/?) <m ) by induction we know
3 Q(x),R(x) € FIx] st F(x) = Q(x)j/x) ¢ R(X), RIX)E0 or o(eg[KBM‘Cj[ﬁ)-

0 g g X700

Therefore, we conclade that i F15 a Reld, then FLX] s 4 Guclidean

domain. a
(¢) Prove Z[X] is not a BEuclidean domain.
PL: ConSider the idea| (2,X) in Z[X]. (2,X) iS not prinvipal.
Suppose (2,x) = (£(x)) for flx) e Z[X].
Then 26 (((X) > 2= £0)g(x) for g(x) €T [X]
Then deq(2) = deg(f(x)g(x)) = 0= deg(¥) * deg ()
= dfj (X)) = dej[ybc)) = 0.
Sinte 2iS prime AX)=*( or £2.
£x) % £1 ble if FOO)=(21)= Z(X] whick (s net tue stnce (2,x) < Z[X)].
Let £(x) = 2y for some yeZ.
Then X € (E0OY = (2y) = X =2y h(x) for hix) 6Z[<.

Thi¢ cannot happen blc the et of X if | and the weff. of the RHS s
not |, So hix) X whith cannot heppen in Z.
J
Therefore, (2,X) Cannot be a prindpal ideal
TlAuS, T1[x] iS not a PID, hut ever Buclidean domain (s o PID Uoj part
(a), % ZIx] is not a Buclidean domain. ~

\A/WVW
(©) Give examples as requested, with justiiondion.
(%) A groug isomorphism fom (Z/725 o (z/92Y
P Note Hat |(z)72Y 1= 6| (z/72) = {12545 ¢},
Note +hat |(z/4z) |= 6, (2/9ZY = §1,2,4,5,%8].
(z|3Z)" 1S yeic since 7 1S prime.
(292" s cyd,z since 9=3% /s a prime squared
Suffices 1o map generators fo generntors.
Observe that (30 % (Z[2Z)
3-3=OI§1(7)) 2-3-——@(%),6'3=1854(?))q-3=|z-25(1?),S-3=[55;(7).
So 3 genenmies (Z/7ZY" (13]=6)
Observe that <29 % (7/92)
2:2°Y4(9),4-2=8(1),8-2°(6=7(4),7-2=14% 5(4),5 2= (0=1(%).
So 2 genemtes (2/9ZY. (12]=¢)
LC"' (/3 [Z/?Z)x——’) [Z/C]Z)K by ([)[3)=2.) o w€ nap g-a\era\'\'o\r*l'ogeﬂ-

P(2)= 2 93)" = ¢(3) =2%, Y3 = 9(3°)= 2, ..
(352,24, 6 8, 43,55 1»1)
Thu§, @ iS & group 1s omarphism. C

(\o) A Cy('/{(c group with 20 3%%4'06.
£: we want b find Z/nL st pln)=20.
Nohce that 20=2-10 and ¢ 1S mulhpliahve for n=ab when (a)b) =),
So ()= ¢(a)yY(b) whert y(a)=2 and p(b)=10.
Let a=3 and b=1l. Then W[B)WH)=2'IO=20 and p(3)ylil) = (33).
Therefore, Z[33L i agyehic goup w/ 20 gemembors. g

() A unitin ZLAT] other than L1
pE: Let x+yfim e IOT]. So NOx+yli) = (x+y ) [x-ym) = x>~ 1ly* = 2.
Consyder x*= Iflly7'~
Let Y=3,X=10. Then [0*=100 and [+1)(3)"=1+11-1 = 1199 =100,

Therefore, 10+ 340 € T[T S a unit other than E1.

(d) A prime element of ZL1.
rf. Consider |+ieTZ(il.
N(I+i)= (14i)(I-1) = 2 whith 15 prime, o |+i (S irreducible.
Since. ZL iS a Ewclidean doman i+ s a PID, and hente a UFD.
Tn WED'S fprimes3= Givred§.
In a PID, every (vred- i§ prime.

ThM\cvv?) [+ S o prime element of Z[).
O

O



