January 2020

@ L et p be o Pﬁ'mc number.
(a) Show every goup of order p" where nZ| has nontrivial center.
Pf: Let G be a finite group St |G| -= ", pprime uzl.

Let G act on itself loy Conjugation.
Then by fixed point congruence, we have

1G] 2 | Fxa (@) mod p = 1G] [2(G)] wed p.

Observe that [Gl=p" 20 mod p = |2(G)| =0 modp
= p|12(e)]

Since |2(G)| 21 and p|12(6)]) we get +nat [Ha)| = p.

Theretore, G has a nontrivial Center (2(6) # 113).
0

(b) Use part (&) to Show eveny group whose ovder 15 p* is abelian.

Pf: Let G be a finite gnup st |G| = p*
Since G it a p-gmup, by part (a), we have that () s nontrivial.
Therefore, 12(a)=p or [2(6)] =p™

TF |26 = p*, then since 2(G)£ G, we have 2(G) = G.
Thu$, G s abelian. Gl e

T |2(6)|=p, then l%m)\ e
G ~ , .

> a6y T Yoz > S0 Gz is ckic:

Therefore, G is abelian. °
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@ oy aeZ ond w=(u, Uy Us) € [Rg) defne axu= (U, AU +Uz, AUt 2q Uzt Us).
(2) Pove the above formula defines an achon of the additive grup (Z,+)

on R’.
Pf: we WTS that for 0€Z and Méf?\aj 0= u=u, and that for abel
and uetP\3, a*(b> u) = (ath)* u.
AT, let 0€Z and u=(u(,u2,u3)en%3:
0 * (Ui Uz Us) = (t) 0-wtlUs, 0% Wit 2:0-dat i) = (WU uzy Us) v/
“Now let a)beZ and u= (W Uy Us)ER:
ax (b (u‘lu’-;u';B"— a> (u, bu t Uy, b U+ Zbou, t Us)
= (w,, AU bu o ) &0t 2a(loUt Us )+ Ut 2buat Us )
=(u,, (at b)u,fuz) atu,x 20bu;t %szq(-t Zbu,t Us)
= (uy, (atb)u + Uz, (atb) U, + 2(atb)u, t u;)

(0 L) (W the Us) = (wy, (AFLYU Uy, (A€LY U+ 2atb)us Us )

= a*(b*w) = (atb)*u v
Therefore, the aloove formula defines an achow of the additive group

(Z,+) on R O

(%) Show & vechr u= (U, Uz Us) in B* has a finite Z-orbit for tacs ackion
F and only it w=u,=0.
Ef_:. T uw=u,s 0) then (,('—'—(0,0,(135.
Let AT Them axu=ax(0,0,us)=(0,0,us), So w has &
Fnite Z-ovbit for ths achon.
AStume hat u:[u(,uz,u;\ i R hos a fnite Z-orbit fov tiais achon.
Thon there existsS a nonteav a€ L st a*U=U.
ax W= (W, aut Uz a®ut 2au.t Uz )= (U, Uy, Us)
= a\'t,*lA7_= U = u==~0
= a%u,t 20U+ U3 = Uy = W=0,U2=0

Therefore, W has o equal (0,0,Mg) jiey U=uy=0.
O
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(3 The goal of s problem is +o dlassify all groups of order 35 up to
[Somwoyphism.
() Deformine all abelian groups of order 35 up to isomorphism.
Pf: 25-5.7
By the fundamental tiwm. for finitely genemted abelian groups,

the only abelan grouf of order 35 iS Z[35Z  whith is
isomovphic tv ZJS5Z = Z|7Z Since (5,7)=1.

(b) Show that every group of order 35 is abelian.
pf: Let G be a finite grovp w/ 1G] = 35=5"7.

By the AGE Sylow theorem, there exists a 5-Sylow subgp. P w/
IPI=5 and a F-Sylow subge- @ w/ |&]=7

By the hird gleW theorem, we have
ng;—l mod 5 ond Ng 7'% Ng = |

ns= | mod 7 and nz|5 = ny3=|

> paG, Q<G
Since, P4 G (and &< @), it follows that PR is a subgroup of G.
Observe tat |[PAQ)=(: PAREP and PNR < @, SO \oj

Lagrange's thm, IPARI|IP| and [PAGI|18], but
(1°1,1&1) = (5,7) = 1,0 |Pna|=1.

Therefore, |PQL= IP|1Ql _ 5:7 _ 35=|G| = PR=aG.

— -—
— -

Ipnal !
Note that |P|-"5/ so P (S abthian [ngic ble 5is Fr;mc,) ond
1Q(=7, 0 & iS abelian (eyelic ble 7 s prime).

We want 1o Show that the elements of Pand Q commute:
Lt x6P yeq. Then

X}jx"‘;j” = xyx"(g" e PnQ = {1} = xyxXy'=| = xy=yx.
v
EQ Since EQ
Q464
Thmfore, the elemuds of Pond & Commute with each other.

Taus, we ondude Hat G S avelian. .

N — T —
() Let T betne ideal (7,14 F@) in Z[3).
(#) Show +he (ing homomorphism Z[|37 — ZEFB]/I given by
amod 7Z+—> a mod T is an isomorphism.
ﬂfi Let !{): Z|77 —? Z[T’T’]/H’ |+4-‘13> givm by
amod 7T +— a mod L =07)1¢5713)
wWe are diw/] de"f s & rng homomorphism, So it remains +o
Show that ¢ (5 b|jechive.
Tyjedive: ker(y) = {ae Z/7z - y(a)- 03
= faezz/yz: a med F 2 0 mod I§ = az0 mod 7
Therefore, Ker(y) is trivial.
suq'wh'wz: Lt arbi3 6 Z[T:B]/I) then for all abeZ
at b3 = atb(-1) mod (1td4=73)
= a-b mod (1*ﬁ3>
and then we art left with a-b moed 7 in Z['F/B]/I)

whert 4, beZ.
There exists a-b e Z/27 st a~b med 7 - a—b mod T

Therebore, @ 1 su(jechive.

ThuS/ v S a bl;j- hom.) ¢ Z/77 = Z['\:BJ/J:

(¥) Show T i¢ not prinupal.
PE: Suppose that (7, 1t4-13)= (%) for Some €& Z [1-13].
Then 7&(d), so 7=xf forSome peTZ 1]
By taking norms, we gtt:
N(?)= 49 = N[®)N(p) = N(*)=27

We also have |+d=13 € (x), so [44713 = Y for Some Y€ Z[F3]
By taking norms, we get:
N(UHA) = (16673)(1-F1) = 14 = NRN(Y)
Wt A=athFB. Then N(R)=g>+ 13V
I+ NiA)= 7, then a¥t1%b" = £7 has a Soluhon in Z.
dFx Db F -7 sinte a*+13b"20
att 3 F 7 for any ab el
Tharefore, (7, 1+4-13) # (%)

Tlr\uS, e ideal I s not pr{nc{pql.
.|
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©) Let p be & prime number,
(2) Prove Z[x1/pZIx1 = (2/p7)[x] as rings.

Pf: Let U Z[X) — [Z/FZ)D‘] 1{7 FX) — f(x) mod p be the redn. map,
S0 1 IS & homomorphism and it (s onto.
Then Ker(y) = THX) € Z0x): Y (f0x) = 0 mod p§ = pZ[x] since
l(’('F(X))Z 0 0""{1 " -F(X) reduces t 0 mod P) which on\j happens £
#H) Whas p-mulhyle eeffidents, e, £(x)€pZIX].
Therefore, by the ficst isom. thm., we get that ZZDG/PZD(] & (2/pZ)[X].
O

(b) Prove that a maximal deal in Z[xX] that contains p must hare the form
(0, £1¥)) where £(x) i€ moncc tn ZLx] and £(x) mod p i¢ 1vreducible in (Z[p7)[x].

P By part (2), we have that Z0<1 /o Z[x] = (z/pZ)[<].
Tn ovder fov an ideal M containing p to ve maximal, we need fo have

ZIx)/m s a fed.
Note that Z/pT is a feld, but (Z/pL)[X] is not) so we want 4,
mod out by a Polymm(al $.t [Z/PZ)DQ/(HK)) o~ Z/PZ, +(x) € ZL[x].

Since the Mdeal M contains p, the Surjective homomorphism

Z0x) — L[]/ M Kils p andd thus induces 4 sufjechve ring
homomorphism: y: [Z/PZ)D(] — Z[x]/m

The kerl@)= Lrix) € (2/pZ)[X): Y (L) = 0 in Z20]/m§

ha$ 1o be maximal n [Z/pZ)[x], so 1S [mr(x)) for Some monie
irreducible T(X) ¢ (Z2/p2)(].

Let £(x) be & monre [ifhrg of Tik) t Z[X]:
A(x) s monic and 1(x)="#(x) in (Z[pZ)[<].

That @) =0 in ZDA/M implies +hat £(x)= 0 mod M,
o e Monic irreducible €x) must alss be in the maximal ideal,
e, f(x) €M in 2L, Tuorefore, M=(p, £,

Thug, A maximal rdeaf in Z(x] Hat contains p must have the form
(p) £ where A4x) 15 monic in ZLxJ and £0) mod p IS iered. in

[Z/pl)[’q. Cl
" N ——— ) —— — — N L———
@ Giive examples aS requested, with justification.
(8) A nonabelian goup of owder 2|.
pf: Consider twe Semidirect prduct &= Z/zz X9 £/37 with
y: 2/37 — Awt(Z]7Z) = (7)77)
\\f(13\|3) S0 \fi{l\zl or 3
T 90) =1, then we Get the trivial hom.
Since 3‘ MlA‘\'(Z/?Z)' , we have the nontrivial kam.giv\m by
lp(1)] = 3.

Therefore, Z/7Z Xy Z[3T s a nonabelion group of ovder 2|.
1

(b) An expression of (12345) as a product of franSpositrons.
Pf: Consider (12)(23)(34)(Y5).

Then (12)(23)(34)(45) = (12345).

TV\(AS} (12)(23)(34)(y 5) is an eXpression of (1234S) as a product

4 HmnSposifions- -

(¢) Gaussian integers § ard p st F+2i=(2+31)y+p and N(p) <N (2+30).

Pf: ?F+20 [2-21) _ I14-21i+4itb _ 20 -1F0 _ 20 _ 170
2431 (7-30) Y49 13 3 13
Let Y= 1=t Then p= 7+ 20— (2630011

= F+2i—(2-21+3i+3)

= 7+2{~-(5+1)

=2+t1.
N(p) = N(2tD) = (2D (2-1)=5
N(2+30) = (2+3)(2-3) = (3
Uheek: F+2i= (2¢3)0-1) + (2t1)
Therefore, Y =1-1 and p= 2t

O

[A\ A ho momorp hism of Commutative n‘v\gs f.:R—= S and an ideal T in R sut/y
that F(I) is not an ideal in S,

Pt Let R=Z and S=@, o t: Z— R s the intusion mop.
Them Z iS an idea| in L

observe that £(Z) is notan ideal of Q bic the only 1deats of R are

(0) and @ . -



