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*Aily Cm;{e n Sr, Can be written al a pmdum‘ of 1% erngpgg,harb

‘ ‘ . ppoduct of HransP-)-
('!)" 'S Sac)m (works for a”j Pefmu{-r"‘h'oﬂ +aat can be witten as produc

# Guen a permutahon ¢ anrd 0y, +o Bosd 17 sk +
of the same fenﬁH«_ Ex o, = (12)(34 s) ord o7 ¢ (pl3)(qg) ;
= o, ' fr12)(3ys) w2 (34801

= (WC) rr(z))(n'l(i) "(['Wg“

i
Y é 1 2 3

ﬂ:(‘qlsj) a,\o( T‘f":(lgSZq)

hat 0, = o, Ime ap Cg(lfs"

ANl cycles of +he same length are conjugate
Permutations (Onjugq—f—e & ‘quﬂ have Same df’{jo\'vﬂ’ Cg&lf SHuthue .

I;Dihcdm.l Cn'oufq
x D, s genemh:d by r,$ with el 8 el SFSQ"f", ard D, =27

rk= notation, rs = reflechon

# Aut(D.) ¥ AfE(2/n) - ?(3 ) aea ks 2]

i N4 Dp = D"/N =D, for Some K:
Conugacy (lagses
~n s odd:

<11

. (n-1)]2 classes of size 2: fr"}){r“})

+(n-1)]2
A §

-l reflechons: [r's: 0¢ien-1¥
-n s ven:
n/z
. 7 dlasses of size 0¥ 113, {r "t

By classes ofsize 20 1cME fr') gl

~all reflechons are Iin 2 classes: frl'-S 05;5’%4?
frt's 0ei2% 1]




. Py and cti med p, then all groups Gl=pq are cytlic :
% Gx Hx K with ) (W) = Wit
* G = HK
"HNK= {1}

i ¥ pdﬁl and QE lnmo( Fy then +wo gmups 'G\’f"l‘ one ﬁﬁ((:c' one nopnabelian

Anite Abelian Grog —EJ

# If (15 a fBnite abelian group, then G= Z[HT * Betix ok 2oL
where . 6

PIf Gisa fin tely generated abelian group, then G 7 xZInTx . xAIn, L
where 7%= Z1x. xZ , and v, €T (i€l k) Such duat r2o, n22 and

k_w
C times

N [ (el k).

# 3,.'héea conj‘uga’fe when 9:xhx" for Some X €G.
o Conjugacy cass of g: fxgx"'! x€G} (all elements conyugate to 9)

& Al elements in a Cmyugaaj cass have the Same order
legx" - x e6H = [G:2(6)]
¥ ass equaton |G)= |26+

lal
< 123

[Casghy's Trearem |

#le4 G be a ﬂ‘m%ﬁgv‘wp ard pbe a prime factor of |G|. Then G centams an element
of ovdey P E@wvnlenﬁ‘:j,, G contains a Subgoup of order P.




?C:r?,at‘ .AC"lcnSI
# Athon of G ona se+ X g X s such +at.

E- X=X ¥VxeEX where € 15 (denhtyin G

9.0(g:x)= 9.9,"%X ¥ g,,9.€G YxEX
{ C&H i:‘C ‘l’“a;&ﬂb‘*’ OF ('lg L\Cry\cp\_‘(‘“““jms \P CJ‘-——H Sﬂm(x)

4 O’bx:iﬂ'ﬂ’gféﬁﬁx onol Sf'ai»ﬁfgfﬁ'g-x‘-xkéo
"oreit " » stabilizer”
# Ovbit- Stablizer frmula : lorbx |- [G: Staby )
# Different orbits are disycint and form a paciion oF X. @ceaticawer

5 A -1 v, .
? r each Xe€X, Stab, 1§ a Subgrouf of 6 and 57““‘575 = 9)7‘45‘ 9 Y945
# Fxg(x)= {xex:gx=x§ "elements fixed by 9"

z @(w( point Congruence: Let G be a finite p-group.

X1 [f Axed FOfﬂfS” mod p
# Nontnvial p-groups have nontvial center.
#* Every Subamqf of a p—yrm(p with rndex F 15 nermad.

24low Theorems

x A SdbleL{P whoSe orrler 1Y the h«;y/ver/— Powes of & prime P L”"V‘L'(""j' la} v a
p- Sylow subgroup of G.

#M A finite group G has a p3ylow subgroup for every pnme p ard tacd
F‘Subﬁlbuf of G lies inside a F—fy/ﬂw ﬁ"‘:?’v“l’ b G
fM For eack prime P, p-Sylow cubgroups LA aie el agale
#M For each p, et np be the number of p-Sylow subgroups of &
If |Gl=f m with ptm, then ne =) mod p and nplm.
Sylow T 7: e~ [G.n(P)] where P is a p-Sylow subgaup and N(P) is (#5 normalzec.

%

A 1o prove the Sylow theorems, use fixed point congmuence are! group achons

#1n,= 1= a p-Sylow subgrup iS nermal
#If p+q ard 7194 PAme and np=ng =1, Haen the elemen's of the p-Sylew sabgroup
ommu e WI"H’\ ‘H"C e‘ﬁmeﬂﬂ 0"( ‘{'{\e q'jy/ow subyr-buf‘

x
)
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# Andeal of a Nhg s an ddd tive gubjma,; TR such that RIC I ard IR<T

* The only ideals m a held are (o) and (1)
* Ideals of R are kerneis of nng homamerphisms (aralogus fo Arst 15om +hm)

| * Anideal TcR i pnme f the quonent nrg B/ (5 anintegral domain We aasf
T a maximal (deal £ RIT 5 a feld

* Anvdeal TR s pnme & T+ R and Va,laf‘R we have alb€ I a€l or bel.

# Anideal TcR ¢ maximal S T+ R ard Lanideal T of R 1S such that
LCI<R, then T=I or J=R.

rYHAun PID, then all nenzem pnme jdeals are maximal.

o i
Cv‘a“*y reniet Cemmutntive ning has a maximal jdeal.

froeaes of Rings

# Oharacterishe: smallest positive née L SuCh that 1”20 ;m anng R. If no such
NEZ exists, 4ne characteristic 1S sad to be 0.

ol N"EO’('CIH" a'":o for Seme m >\
# INilpotents in RY :pﬂ P

nmMme ld(AfS
Pe R

# Isomorphic NngS must have same number of nilpotent elements.
*# TP P R—R s asurechve nng hemomorphism, then F(R) 18 a Subnrng R

and there (S an isomerphism ¥ R/KCI’(F}“’ R by F( & mod ker(#)) = F(a).

# for an (deal TCR wrd Subnng R'ch, '+ T 15 asubrrg. I is an 1deal in
R'+ T and (R'+I)/T = R'/(R'NT)

# The deals in R/T are uniquely T/ T for ideals T with TeJeR and
(R13)/(3( 1) = &/T.

# Torn's lemma: Let S be a partially ordered set. If ewvery totally ordeceo
;ATDJ‘C‘P of S haS an upper bound n S, then S contains o maximal element.

v ¢ Hefd = a}o‘(deﬂf\ Clo’\'la"n ? ?ID —7—‘9 MFD = In+qM1 ({0”’!{([/)
]

centradiction for (x:'j‘ftnfe,
fV\\ﬂ'Mél’If'y of norms direct bor unrqueness

ORI EGS # : C T T ot R R P EES v -r,\’r. ’i )
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@ ‘




e - B @ ]

« Generalized Chinese Remainder Theorem fir Nings© For a comnautative neg B with

(a moed 1IN J)|-~4 (a mod ;[)amod J).

#* Buchvdean demain: Division w] remainder XISt with N(r)eNlb) er 120 when

&:bq*r’ N-R- lN--iOX s Cuclidlean function.
& an(‘,pa{ le‘(Ca_/ domairn {PID) All ldC{l/f f()/)[/’)a,[/ ' ether W&’I’HIJ"/,

(m) v Some me€ R
‘"L‘(W{lue fachnration demain (UFD): buery ATl "

have the form

unit in R hat a focton retion

A=P ... px where p; are rreducible. TF it 1§ such tat fi P2 Pr=G.9, -Gt Wth
Pu‘b all irreducible , Haen y=L ard atter re{a.éfll«rg q,=Upfs fity 40 a unit).
mt ard

# 4 unit aeR s such +hat Ma)=21. Call a€R irredugble o at0,#U
it mulhpfﬁ) Othenvise,

azbcin R) bor € (S & unt (the ofher s a uni'

wWhenever
call aeh reducible
% Call pcR pnme if pto, #unit and whenever
o g { in R).

plxy in R, plx or rly

(eq,mmIenHy, (p) IS & pnme idea

¥Tn all m+¢6ml demajns: fnmeé =3 yrreduccble

* ITn PID: pnme & (reeducible
* In UFD: pnme &3 rereducih e
# Ring of Aachens: ConsSider all pairs /a,b) of AbEA, b#0 ard set

(a,b)~ (¢ d) & ad=bein A Next, S¢t K~ f(a,b) € A x(A-TOD]
- (e aben, b

To make K a feld- (4,6) + (¢,d) = (ad+be, bd)
(a,b) (c,d) = (ac, bA)

I'Fﬂjnomm/i ﬂirﬂg

# A[X] S the nrg of all polynemials 1n X @
# Alx] mﬂdtm/ domain €3 A integral dowmain.
# IF £ is a held, then F[X] 1S & Euclidean domain .
# Similarly, 1F A 15 & Noniery comm. Nrg, then fpr £9 €A [X] wﬂxﬂ menic, there are
unigue 9,r e Alx] Such Hhat (Ja=bqtr (2) r=0 or deg (r) < d\sg(g).
(- ALX) net Budidean domain)

th coettacients 1n the comm: 11y Y
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# In L[{T] (del, & cquarchree), and Nix):tp For a PAME P, dhan & 15 redacible @,
VA ZZ(G],m,mm, F e QA s pnme, then [P for pnme p and pim) = +p @
or Nf{n'); ‘.‘.Pi' ‘:
*If\ E(’(g]) IF & € Z{:{I] whith d;xg‘yﬁ) Hhen /\/(ri):xl— ((52. Th{-,e(éw, e
equation x*- ({31: +2 has ne Soluhvh 2, then +here cannot exisf an elemert
fﬂ € 27[(3] with N(/I(;’): +p

# Call a polynomial PO)ET[X] pnmitive F ged (coeffs of £)=1. A pnmihve
Fdfj“m“‘“{ 1S srreducrble ¢n T [x] € 1rreducible in @ (x)

2 If R s a UFD  then A[x] 15 a UFD
# Teveducibility Tests for polynomials -

D) TF Flx) e AT 1S moniC and deg(f)=2 or 3, then £15 rreduable in Rlx]
& L has no roets in A,

2) Reduchon mod p test (ZIK1): F(x) € (K] is monic. TF therers a prmep €L
Such +hat £0) mod p € (Z1p)IX] 1S irreducchle in 2/py then £0 € T XD 15
trreducible w Z0x1.

3) Bsenstein Cntenon (ZD(“ Cadl a monic £x)=x"+ C,,-,’(n"*- ‘G XFE N Z(x]
&senstein at pnme p it (¢ =0 mod p Vi€ n-lf W‘”/ Go#0 mod p*.

Eveny BSenstein polynooad in 2[x] is sered. in TIX1.

4) Redution mod p tesk (generad): Let R be & domain arl ja @ nonzero prme (dead
m R, TF £(x)eR{x) i$ monic and reduction FO) € (RIpIDE] 18 irreducible 1h
(—R/F’)[X],‘l'hen Fix) 1S irreduible in RIx).

5) Gsenstein_ ntenon [q{,nerzd) Le+ R be adomain and. |1 duhengeso pamt "d’-"'*{
in R. (all & moni¢ poly £ix)= X"+ Ca-t X"% 46X+ G e RIX] GsenStein at A i1

fis o mod it (6 ep W) and 3C # 0 pud B Ersenstal pelynomials et

in AX) are irreducible,

[NG'{’C'- 'ﬁl: iéaibo X k}'l/ a.‘éfﬂ)b"éfde
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Ledvr Spaces
# A Vedor Space V over a feld F (s an abélian groue V with a salirg mag FxV =V,
(¢, V) v, that's compatible with *in V and +x in F. Also:

) C(\H—v‘)-‘ tvacy ’
2) (C4¢)v = Cvee'y Ve oek ard Yy v'eV

2) (cc')v = ¢ Cetv)

* Given any Anite subset 1w, )V,.\-I; cV, its span i : /
Span(v,, ,vn)= fe v bt enVnt G eF}. A finite Swbpef, Judy . Wms S INealty

XTI Band L art bases of Vand W, then L V=W linear, the dual L% W =V

satisfies [L‘]it 2 ([L]; BT whn BT i’ dual basss.

* For dim(V) <2, we have VEV ™ by vimen
(V™" < dual Space oF the duad space of V)

-~

- ‘
4 [L”]z.‘ = [L]z (double oual of linear map L)

<

¢ Te(): (L] ) ond det(l)= det(L2]; ).
# Trace s linear, determirant 1S mulpyplicahve. Mso:
Tr (AB) = Tr(8A) , De+(AB) = Det(A)Det(8).

# Tnne productd: <, % VxV— R Such that < S 1S bilinear, Symmetnc, ard
posihve - definite .

*Qiven a linear magp A, s cw{/am% AT s suck Hat (Avlw§;(vl A* Y
If A=A%, 4then A 1S self -agyount-

#* Spectral Theorem: Fov & reaf vector space V with dim(y)<eo with an ynrer
product £, > and linear map AV >V that /s self-agyont- with respect o <7
there's a basi$ o?et‘gerwc’dbr‘s‘ for AV that S orﬂ\ajohdf

V=2 Ry, where v, vd=0 Vi) and Avi= v (A eR).
i<

1

0‘ l:iJ\

# A basis 1e,. SRV EV 1S orthonoymal <€."€J> = {‘ i<
j .




