Theorems with nup achons on Anite groups
OW If f“(ql ‘FDY pnme P) then G ha$ an elemet 0‘(’[

order p. (ov equvalently a Subgroup of ovder 2 j
Poof Wil make Z/p (not ) act on a set and use fixed- pornt corgruence |
1x1= 1Ay g, ()] mod - s -
Let X=1g,. ,9,)EG : 9:9: 95 §e3 8895 Jre!
IX121G|""' = 0 mod p. Eing in group onont
9.9, 9,71 99,0, q,)=1
= (9:/::.9099,2§ 99595 ~ 9§12

>

I (9,.,90)€X= (3,,.,90.9) €X > (95, ,9%,9,9.) € X, et
All eyclic shifts of (q,,..,9¢) €X are in X,
Let Z/p ack on X by (jmod p)(9y..» 9p) (9':J'"' ’9'?”\)

view ndices af in dlp

Checke this is achon of Zfp on X:
(0 mod p)(q,....,9,) = (3., 59¢)
(& mod ) [Cb mod P)(3,.,9.)] - (@ mod P)(g"‘”‘ )9‘”")
: /@\f&ua} £ S’pr}
[(@ mod )+ ( moq , )G, 3) = (atb med £)(g,,. -, 3¢)

= (gvfaﬂox" ) 9!’”‘-“"’> 4

From Ix,f lﬁymr{x)[ modp =P I"] 'ﬁxﬂ/y(x)i

s
=0 moed 2
from above

vebad is o Fnad port (f, L gV

I+ meéansys (9:}- ;gr‘): (?HJ: -'9‘”)) VJ‘
= all of 355 9 arc equal!

Thus, ﬁ‘x&,,/f(x): 5(3,9, ,9)€X:g¢ GY




wnhnuwed
@ Theorem: For all nontnivial p-grows &, 1a)# m,]

Prof: Let G ackon G by (onjugation, So the Gxed points = (@)

Fixed point rongruence <ays hene: |G = |2(6)) mod P
6] 0 mod p 5:7;»,~ G 1S & - group, So 12(G)) = 0 mod p =
Plizaa)l. Since 12¢a)| 2| and plIx(@], we get 12(G) =z P
Therefore, 2(Q) 7 {13, i

: @T}«Eomm If |Gl=p% +hen GEZ[p" or T/p xﬂ/d
Prof: Since lGl-p* for p paime, We know that G

‘TF G 1S cydic, then GTT/p: G =497 = there |
Z- G whee kg% T4 kils p*Z (g has ovder f
vhduced homemorphism Z|p*— G where k mod p* v @5 "
This S onto, 1Z/e*l=16G1, g0 st 1S 1. Therefire, G = Z(p"-

s abelian.
S a homomarPhism

), So we get

‘Tf G 1S not eyelic, then G 2fpx Z|p:
No element hal order Fl’ all g¢1 in G have oveder P.
Fick X € ()‘5‘7;, so <x% has ovder p.
Prck ye G-4xY, So Ly hat order f,
(ovder p, diflerent).
Let Z/pxZ/e— G by (K mod p, £ mod p) — xFy*.
This 1S a l'\omamorptw'(m swnee X, Y commute
T+s keened (s tvial: xX¥yf=1 = x*- g7 e <xy n¢yy - 11k

‘)F“(;Pl‘p v Came Size = &gﬂ—/PKZ/P'

and <X7/]<35 = {1}

]




Conhnued.. .

]@ Sylow ThegremSi[Let G be a finite grup. For a prime p, \et Sy, (G) be |
the Set of p-Sylow Subgroups of G |

\@ Syke @)+ ¢: G has a p-Sylow Subgmda

Proof: el prove a Strovger result : for each prliGl, there's o (Ubgroup
(‘(‘(}y{{f’r PJ N C) Lf‘" ‘CJ)T Fkl’ﬂ ) .}*m
Tf j=0: tnvial ,use it

T g=1: (S0 k=1): Use Cauchy's theorem.
Now Say k22 and 145K where there (S a Subgrouf

He G of ordeq FJ

rot all

We'll g("f a Subﬂmur‘ O\C ovd er PJ'H.' ol
Guroup_achon: (eft mult. on GIH (setbeirg acted on) by 9rou p H (group
thad s (l(#'x'r.? i< a\/?'f}’(@up). So he H) aH € GIH~ h aH-= hatt.

By fixed-paint Congmuence, |GiH|z [Rix,, (6f H)| mod p

_:1Gl ¥ {
[G/H| lTl:iT f____.rrjm - FVJm = omodl p = \ﬁ‘xH(&iHﬂgo mod P -

When 15 g HeG(H fixed by lef+ muld by H £
I+ meéans hgH=gH Vv heH <2 g'Hg=H vheH
& g'HgeH VheH e he gHg” ¥ lheH
> HcgHg ™' (finite gps) < H=gHg"'
= g(NG(H‘) 'S the Same af gH € Fr'xH(('ziH)
T lelt coseds GIH, the set of fixed pis for left mult by

f9H geNg ()= Ne () [H

S S s

ik et
A He a gp sinee H4 NG(H)

H s

: H‘x,r (GIH)
By fixed-pt congruence above, ING(H)/Hl? 0 med P-
Since p|INg(H], (auchy's thwm tells uc there's a subgp of ?MU F
in it. All Subgps of Na(H)[H have fhe form H'{H whert HEH CNglH).
So there's such H where H/H has order p. Gince [HI= P,

e 1] wp P - PIT
wel'veliﬁ?fuﬂ?ﬁf@ (f has subgp H of order p- ard <k, then HEH
where H' (S a Subgp with IH'I:'»J“(Q'MH‘ H NG (H), H4 HY). This

¥ - ( :
Shows f HiS & p-subgp of G, there's Tower HgH g eir5 ow§
(18

- H“\;&(u}ié—zi




—

cwonhnued. .

@ For P Q CS& Qr ((}1)) Q :3?9—' fov some g€ G, So al) p-Sylow S\Abgmu’p?\

are eowjugate.

Pref. Led P, @€Syle(G). we want geG s+, G=gPg". :
Make group Q@ (p-gp) act on set G/P by left mult q-9F =49 P.
Use fixed pt cong.; | ¢ pl= |Fxg(Glp)l mod ¢
|G/p| - IC"/‘H . r;:” =mM #0 moolp Since pim.

Sinte LHS # 0 mod p, |Aixg(GIP)| # 6.
Thus, gP s Aved l)uj a Q-athon: %QP:3P VCI(?Q
S 9799P-PVqeQ ¢ g'99€ePVvqeqQ «>3'QgCP.

Svnce Q i< a F'gfj"m”) |9~'&8\:f)t= [Pl TV‘JS, g-,Og: P
Ti"f:t’ﬁm’f‘) Q- QPQ-" &

TLHNP: 1Sy, (6)| and lal=p"m for K20, pAm. Then npz ) mod p and "PIMJ
Proof: Let Ne = |ijp(61)|. wWe want nez | mod ¢.

Let gmup P (p-gp) act on fy!,o(ﬁ) by conjugation.

use fixed pt cong.: [SyLo(6)] = | Aix p (Sylp (G| modl ¢

The Fx, (S42p(6)) 15 all @Syl (G) s+ xQx'=Q ¥xeP

Lt Q€ Fixp(Syfp(a)), so QX' = Q@ Y xeP = P Ng (Q).

Also RCNG(R). and N (Q) < G

Since (Pl=]1@] =p* = mox f-power in |G|, we get 1@ are p-Sylows in

Nea(). Zy 5glouu zjf\, all p-Sylows in Ne (@) are Coryugate, So

P- 909-‘! = Q for Some g €NG(8R). o Q- f, so ﬁ"?(ﬁj!"(ﬁ)): e

Return +o fixed pt cong.: n, = I15P3l medl p = np= | modp. v

Las3t part: ne lm ('Cﬂ:fkm) l’*’M

Letr G act on f(jif,((,a) bg cenjugahon, This has one orkit

(Sy!ow 'ﬁ’) BLJ orbit -Stabrivzer ft)rm'l,!a,
Srée OIfi‘ffffc‘_z g ;—?—f = ne|lG] =, (¢ m.

he
: Kk
We know Hrat Pp = | mod p, So "'/"ff) : "('V‘N‘F(:D"C«'; nt’,rkm ™oy ’m’
.[f“p, f’)‘ a




