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(a) Prove the Minimum Pand'ple for karmonic ﬁmahons, le., Show that f u (s

haymonic in aregion (L and w atHfans a minimum at a point 2o € AL,
then W 1S conStant
r{ :
T Let u be harmeonie and Suppote I &e0 5K U(i-)"zmi(q uflz).
€

Smee U s Varmew‘c, 3 r, cuch Heat u(i.\‘-zf'%‘(zglz.*r('f)df
v 9 all g
“(“)‘;;TL Ulzotre Vot ¥V revy,

8 et T8
but alzotret) = ulte) vt

Z“as‘lﬂu(?a)' M(ZO‘*{eH’) 0(4 i )

By conhnurty, ulio) - uiz.+ret) vt V revg,

ThuS, nez)=uli.) Brh(i.\.
Consider E={r e ul?)~ u(ze)
LEC . S ET R

E s dosed by conhinuity.

By the abere argumeﬁl if 2€E, then Bry(2)< E, So € 15 open.

by connectedness, E=AL, S0 ulz) = ufz,) v 2erqL.
o



Conhnued. - :
(b) Suppose £ 15 analytic in twe unit disk 4 and cortinuous in 4, and f(2)
real for |2(=1. Show that £ is Constant. *
Pl Assume {15 nenconstant
{(2) = M(x,y) 1 iv(x,tj),

By agsumptian vix,y)=0 on RI=1
V{X,*j) 15 harmene Since 14's +he ymaglrary de of an ara’yh'c

/'und?'on So V(X,‘j) 'S conbnuoul,

Sinte B s compact, ard by the minimum arel maximum prneple

for Aarm&"’”z ﬁ'(nﬂﬁbl"f, v atfains a minimum arol maximum o0 fzl=].
Thus, v=zo.

gy The (a-u(//'y'R"Cmann ¢10447‘onf, u,,=yj arel My=—\/,,.
Thus, ux =0,uy =0.

Hence , ulx,y) = ¢ for fome CeR,

7/\61*(1%/1", £rz) =¢c, So £ rs Co nstan,




E&suzog
Let £ and g be analytic and non-zer in & connected open set 2. Suppore

also that there exis+s a Sequence of complex numbecs 2, ELL So Hhat
tnmp €2 and Ry all pesitve integers n, {'(2n) _ g'(2,)
flz2n) —3_/_2:-5

Show that theve 15 a constant ¢ so +Hat g = cf.

LoLet h@)= 1) and W)= g'ta).
T(2) 9(2)

L‘,,L‘z are 0V\.a|y+ic on AL buj assum ption.
h(2.) = h,(22) VREN, 2,—pefl
By the identty thearem, wil2)=ha(®) V2L,

e, £@), ﬁl_(i) 2
+(2) j/{)

We want 4o Show 9= c~F} Le., % =
Tn other words, we wis (1) =0

= 1 ",j G
1['2_

we know # '9=£9', re., £'9- f3'= 0.
Therefore, g=cf.
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@ Suppose fis an enhre funchon, £ 18 bounded for Re(2) 20, 1Y

bounded for Re(2) £0. Prove -that £ 15 a constant.
P Let y=line &om 0 b w), where w € (eft half plane.

Let |£'72)| <M on Re(2) “0
1f(2)| ¢ N on Re(@) =0

Notice {(w)= (o) +f{"/z)dz
Y
< |40 + M [wl
< M1+ wl)
tet r >|wl, by Cauchy's eshmate,
(W)l e sup M@, o (N, M1 41913
\Z2l=vr r" R e rz.
£ max fN,M{/*f)}
r

[f(w)l

Let r— 0o, then [flw)|—> 0.
So f(lﬂ)za-fb%) but I(2))— o as ll—=e f b¥o,

Thus, b=0, So £ 1r constant.




