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Assume Such an £ exists, e, A DIiEY S (- ard aralytic
Then £ :D\itet ™A 15 alse (-] and ar\a/y'h'c.
Sthce £ 1S bourded near 2., by Riemann's removeble singulanty thm,
We haye that 2, 15 a removeble (/hyulanfy of £
TAuf, {7 exterels 1o be analyf,( on il of D. &
So £7(20) € Int(4) since (B (2)) € F(D) by
fhe open meppirg theoren, = P

Let £7(2:) = w € Tut(h).
Since 15 1-0 anol ontv, 3 2, st F(2)=w st 8% Zo.

Since € 15 Hausdarf(, 3 oper nbhds U of 2o ared Vof 2. 5+ UNV =g
Since £15 conbnuous, £(u) ard £7(y) are open.

So f_'(U)/\(-'(V) 15 opent wth wé FruInf ).

Thus, 3 nbbd B of w s B {£7u) N {7(V).

Therebore, 1 w'€B, wrw st w'ef(u), w'ef ()

Ax, eU st Fn)=w' ardd I 1€V 5t e ) sw’, KB ¥y

£{w) = not well-def. 7

Therefove, theve doef vt XSt cuch an 7.
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) Suppose the sequence 14,1 of I analytic funchons convexges unrformly on
Compact subSets of a region <L 4o a_ funchon f. Show Huat f 15 analyfic,
and s either cenStant or s alre 1-1.

't Uaim: £ ¢ aralytic.
=il t 3. C 10

Since 2 s open, Ar>0 S B () S1L.
let R be a rectarale 'n B (2o) arol let ¥ b€ the curve parameétnized

by ‘h’ﬁ\l&”irﬂ a_r"é‘?t,i?d JR once In the pog’;hv\g Aircction.
Then by uniform Convergence j f (A2 ——aj(‘(z)dz.
J ¥

But L(»‘n(%)dro Since £ analytic in Be(2e). S0 Skm)d% =0,
T\'\Mf, b}j Morern'S theésrem £ s ana’y—h‘c in Be(%e)-

Since 1, 1§ arbrtrary, f ¢ aralyfrc 1m L.

A L |rke Hufwrfiz /‘h——a -f une‘/: en ff?{. fu&ﬁ’“f!)
Clajm: { 8 Constant or I-1. {p never O in 2, then 20 or reved O1n

‘Let g (®) = {a(@) - fa(2) where 2.€.02.
Firct, gn(2) — fal2)-{a(20) uniformly on compact subsets of 1.

95 1 ar\al‘j-h'(, sl 1=l . Il
9o ()10 in Q\{2] by imjechvity.
By Hurwitz, £(2)-F(2:) = 0 or nONeV Zer in AN{2

ot M) -f(e) =0 = fO)=f(x) ¥ 2 € )\{2-3
f(2) = f(2e) in Q (ie. constant).

T fl2)- f2) 20 ¥ 1€0\1Y = f(D)#1 (1) in oAb

Thugl Since ie '€ a(lalfmnj' f(g) 15 It in Q..
(|
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(® Let a bea bounded, simply connected domuin in Hhe plane. Suppoe g-L.=
(s holomorphic ard net the idenhty. Show that g can have at mest one fixed point.

(A) Acst show 1 whey 2 1S the wut disc. Then
P See Jan. 2019 #2.
() Show it when Q18 bounaleol, simply connected region n +he plane.
L. Sinte 12 1S \oour‘deo.(/ it 1S net all of € ,ve, 2% a.
So by the Riemann wappirg +hearem, for any 2, €60, 3! conformal
magp f:.a—= D, ontv, st p(z)=0,f'(z)>0.
By contradichion, assume 9/1,)—, 2, %(z‘)—. W 22, 222 6',(1—)

Let f(2,)=W. - A iigsl el
Then fogef7(0) = fl9(2))=fl2)=0 Pa-D, {7 pas

Fogef'lws)=Flg(2) = £(B)="> e
Thus, fvgof" Hxes twe points.
S0 by part a, Foge f7 (&)= 2.
Hente, 9(2)=2. 4
Thes 15 a contradichon Since g 15 not the idenhty.
O
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Prve that f £15 a non-constant entive funchion, then F(E) 15 denge m €.
6 Becall dense: for ang 2.6 €,Vr>0 ze€ st BLIND TS,
(32nefte) st 2a— o)
*ASsume £(€) s not dense in C.
32, € € that 1S not alimit pont of £(0).
I, 3730 34 Be(2)YNF@ = 4.
Then |P(2)-2]2v>0 Vzed e

”
{

So f(2)-2.#0 VzeC. L

|

ConsSrder 9({): Notice ‘7/3) £ arm/y{/c) 1 fa[-fl 9 15 entbire
£()- te Since £ +& entre.

i £ winkd 9 v 2eq

soda \4 i

‘{(2)'2o r

Since s 1§ enhre aro bourded, by Liouviiie s theorem, we have

+ha+t 3 XS (orvf*nn'f. |

Therefoves 52l o e v b i =0 (8]~ 22) = Fl2)=L ;2.
fr2)- t

Hence, f(2) is constant or {(z) = (if ¢=0) 9
L or £ 185 hot analyhc

Thi$ 1§ a Contradlichor + l&kf poncor Sfant.

Thut’ﬁw/ fl(q) ¢ denfe in .




