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Prove the open magping thesrem: f £ U— € 1§ a non-constut analyhe funchion

debned
v;ﬁ&' o & Connected , open set (S, then F(V) 1§ open foc every open set+
P Suppose V=W 15 open and let w, € £(V).

Wwe Wi that £V) s open.

Tt suffices +o Show that eNey Poin‘f of £(V) & an intener point.
Since w, € £(V), thert exists Some 2o €V <. f(7.) = W,.

we can ﬁM‘ on open disk 12: 1t~ t.\(é’} that (S contoined in V

for Some 370 Sinte V1S open.
By choosing & small §, we can ensure the cloced sk fzile-2eol

\S contained n V.
Bj assumption £ ¢ non-constant analyﬁc. Thus, f(2) - W, 1S not

\denhically 2em, and hence must have salated wotr.
In f’a(‘h'a»la(, we can Cheose & so that F(z) # W, on +h
c=fz:lt-2.[=3}.

Sinte |£(2)-Wo| 1§ @ cts fn. that & nver 0 on C ard C 15 compact,
Hhere 15 some £20 st | fC2)- Wal2 € forall 2€C.

w St |W-we|< & and Consider F(2)- w = FR)" Wet We—W-
|<& < |f(z)- Wol.

cdude Arat £(2) ~We ovof

3%

e Gnle

Bx =
@y onfteuction, weé have on C that |wW-Wo
So we can apply Rouche's thegremn 1o Cov

£(2)-w have the fame nurabes of voots inSide C-
since 2o €C ard P(z0)=Wo, WWE SEE Hrat £(2)-Wo hat at least one

root nside C.
Sp there 15 sOMME 2eC st f(z)=w.
Gince fz: lz'2¢.[<J§6V, '+ follows trat

we F(§e:i12-217} c f(v) = wefV).

Thevefore, F(y) 1S oper for envery oo cet Ve U,
a



[

conhnued .
@ Let H={ted Re(2)>0} denote the Nght haf plane.
is analyhe and f(H) <€ b(£(a),r) foxr some aeH and r>o, then

Prove that f £ 1

VE)-F)| o v gral 2EHVIRY, and [fra)l =_© :
l2-a | |z+a&| ZRe(a
Ff: H : D EYS“" sine aeH) we have ‘H"A‘f’
R f,“ g 6\=~Xf|'y, where X>0, So
T E=x—igeH,ouw(
Vi - 3= - xtiy € 12EC” Be(z) <oF.

let g:H— D be given by qRI=2-2 f lz-al< |z +al, then
2t a z2— D

S0 9 1S conformal. 9'(2)= ?'%5

Let hiD(F(@) > D be given by h(2) =+ (2~ ().
Then h"f' 9_. : b-—a D’ avw( (horog—‘yo)= h(ffy-'/O)))

= h(f(a))
=0,

By Sthware's lemma,

l(hefeg")@)] <12
e )R £ 191 = 1D <[22

| X (42)- F@)y| ¢ 122!

[z+a|

[f(z) - fla)l i
|2 -aj |zt+al

Thus, we have :

Lettirg 2 a, we have
I[f'@)] € _¥r_ , whert a=x+1y, a=x-1y

latal (So |atal=|2¢]|= ZRc(A))

[£'(a)] £

Therefore :
g ZRe(a) :




ed.- - :

(
t A=fre€ : r<i2| <R} dencte e annulus, where 0<r< R. Prove that the |
ﬁAnChon 'F(%)::%— Cannet be qn.-&‘,mw appmx,wla—f-ca( mn A by complex polymm.'q(y,

M Assume that Ni)né can be undformly appraY. in A by complex. polys
Let Fn'——’-%— \An!form.y.

Then 5(,\ ‘ﬂf %d% t 0, where C 1§ the contour arourd 0 1nside A. |
G C

However, .f f, =0 for svery n, since C s a closed curve ard £,
C
1§ a PO'jV\OW\(‘M. 7 Contradiction.

Thfffpur{’/ f(z)= % canhst be uni{. approx. m A by compleX pa/y.s.
0

OR #

f_ﬁ'. T (,\V\\Pbrmhd ﬁPl’r'DXI'N«A{—ep( bfj Palynon«u‘c{ls reiR
b 2503, Pn polyrowials Sud Yoot Pn(2) — ()

A

_,_,v*.q;;[-) f—s uvu‘fovmly n A.

ASSume ':lfp,\'i pol\jham‘alS s, pa(2)— f@ umf. m A

it [patrde — [F0de
[entr)de — [ Fd2

Reeall fx-%"d% =2m y=ve'ldt, r>o

s : ; :
Let r=Se’+}0£f£21T We know fr-_{al% 21

ff’nle)dzzﬂ Vn /j bic 0 # 2n1.
é

Therefore, f'/%)”% cannot be unitbrmly approvmated
m A by po/ynomf'a/f. i




tonhnued.
@ Let p(2)= 2"+ ah_,l""«»__ ta,2+a, bea complex polynomial. Show +Hrat 4

must be at least one point with (2] ardl |p(z)l 2 1.

Pf: Assume that all points with |21=1 have \lp(2)l< L. ‘ i an
Jbserve that n p(l)) Apn =1, where an § the (a(»muev#o .

53 Cauzhj's tntegral formula, we have

anz__‘.—f @d%

Z"H
1=t (2)
» | &) d%’
TP\MS, ‘ah‘ ‘ Z{TI i anl

Zw Jyu=r (2™
;g (2)l1d2!
21"'§l21’l \f
<L f \dzl
297 1ii={
= g_f_l' 3 |
2

So we have that ap=1, ard laal=1< . G contraslicton
There fore, there must be at least one point with 12]=1 ond |p(@] 21.



Gnhnyed. .. g |
© Frd all -] analytic maps fom the upper haif disk D (0,1)=1z€d:12|< 1, a
Im(2)>0f onto +the unit disk D(O, I).

" o prf e ¥ ek H 730 \
D $x f i ; {'h U)
(l" e (B i1 et ey
— il ~ .{" SO ¥ R r} r o

et £:D"— be given by 1i(2) .‘%\
=

f2: U= H be given by f2(u) = u*,
f3:H2 D be given by £5(3) = %'_‘
Let £: U= D be given by (f;21.+1)(2).

We have tnat £i5 -1 analytic becoure the compotihon of -1
aralytic meps 15 11 analytic.
a




ed-

Cgmf’u‘f'e
J e Jushfy all manipulatronc. Hint. Use the Pollowing ontour
o XX+
Cr

ff,‘ Consider the Fb”owmg Contour: [ = (RU ('5 vy, vuy.. ‘ y2€

0 3\ = ‘,3
N fl _t’\d'f {({) -‘_l_m-_-__ 'S mcmmﬂrpt,‘!( A "f%ne "(’ﬁ:laﬂ

ol
bourded by [ by taking the branch of the logarithm Suth trat

0¢ oujl"{)< 2w (1/; 3 “oﬂ{)
Thu", b‘j the reSidue tHheorem,
fr 2741 dz = 2mi (R“f(')* K“‘(")J

Let 2 € Cr. Then
1zl '3

L] <f
(at to L2210
ég 12l \da|

(B ‘t‘z’ |

=5 A7 \de
e R -

Y3
=B 2R

R*-1
cince +Hhg haldS for all A \arge,

” {(z)dt’——)o

Srrmlarlg (e%éé(x,ﬁ\m

l l J ltl ldz]
cxil*l Tatall

‘[ 12l (el

lettireg R oo, we see tHrat

51
Therefore, liva [ F@2)d2 mf(%)dz«f f)de

i
z"‘.[ﬂ(yf()fﬂff;(')-l

[



Conhnued.
Now on y,, 2=1e'’ fox some p very cmall.

Notice 7 M . 3\03(”")
%{\03(7)" ip)

§|og(r) .p/s

So (¢H|n3 £—0, wt hare p—0, So 2 > ei‘oﬂ(r) V'/3,

V(T-p)
AlSO on X, t° reé i for some p small, 5o btj Similay reajonirg

gy ,H(1gt) +2mi) _ chZW'IB
Thus, on Yo, [ f2)d2 -f o BH ldz.
N

“Ya
T want Y2 to run Ao O fo o

Honce, - fm)de fc'"”f(z)a(t
so J, S0z [ qayde - [ aede- [ ¢ fle)d

:(‘_ 1"'/5 J‘ f({)d%.
f

Thin Lk (l't""/’)f f(2)d# = (u-e’"'"”)f"{(e)d%
R0 & 0

= 2m [RcS;(i)f Rcr;('i))

Computing the residues, we gt ‘ e
Resp (i) = Iim -}z BT N
B (z+i)(z-1) e I R Y Zi
\ izY3 nla
. d . \[3 2 {2 (’I) e
F\CI (—|)= “M b (4_"")% ‘OM __..:——— = —:——-—— = :.-—T—
R i T e

Therefore, I (‘(;)de = 2mM [ﬂ%ﬁﬂ-] -

S

BT s 0

=



