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()¢a) Find all funchons £ which are holomovphic on €\10F and have the property
Hat 2%f(2) 1S vounded on C\fof.
I Let g-2*((). g Q37 ¢
The funchon 9 (s analytic and bourded near 2-0.

Therefore, by the Riemann hemovable Sirgularity Thesrem, we bave that
720 'S a remeovable §|r3ulah+y.

Thus, 9 extends o e entire.
Since 9 S entire and bouﬁa"’(/, loy Liouville's Thmmnn, we have trat
g1 consStant: g@R)=¢ = €= 234RR) 9 f(2)+ }C’t for some consStant
eq.
Therchore, f(2)= ‘51 ‘8
O

(6) Firndl all funchions £ whick ave holomorphic on €\fo} and have the propecty that
2sin(z)f(z) 1s bounded gn €\10§.

Bf: Let g(2)= zsin(a)f2). g €\ol—a.
5 z(z T Rt it a*,,_)f(n
e

e lt'}:.¢_2,6»_%,g+.w f(2).
gt 51, !

The funchion g i$ oumlg-h'c and bouﬂa’FC/ near z=0.

Therefore, by Hhe Riemann themovable Singularity Theorem, we have tnad
2=0 15 a removable Sf@ulan'fy.

Thus, g exterdS to ke entire.

Since g 1S enhire and bounded, by Liouville'S Theorem, we have that

g is conStant: g({)= ¢ = c=tSin)ftz) = fR)=_< fov Comme
zsin(d)  conStant

Note Hhat )= ~5—_ . 8 . & e
Tsn(m) o 0
In order 4o avoid s, our constant must egual 0, seo
il 02 0 :
Z251n(2)

Therefore, £(2)=0.




' @ Ler xctf be a posfh\/\:ly-onm«d simp
£, 11, Compute all possible values of +he integrad j’
¥

examples of curves y whith realize each value.

22\ (2“)(2")
The funchon £ has Simple poleS at 2=

We can coppute the residues at each pole:
v i

Res [fa);21])= i (-0 2 — -
21 (zn)(z-') 271 ¢t}

fesfrz), 2=-1)= e (241) - 2 -1 z
Sl Ay T L y ~
"H oy 15 Such that t=X1 are N the area closed by y af follows s @
then by +he vesidue Hhesrem, WE have: E

_éé;:ij__ > 211%? Res [f2), 1;)]

=1

¥

il

2t [14(-1)] = 2 0

= O
An example of such ¥ 1% ¥~ jre€ 1l < 23.
"H g S Such that 271 1S contained i the avea encloged by ¥,

asS follows: Hoen by Hne residue +neovem, we bhave:
24

L zi_| "~ 2m fes ({(2); t=1)
= 2qri- |
= 2974,

AN example of Such ¥ 1 ¥ f1€C: |2-1]< \73.

* T Y 1 Such trad 2= -1 15 contauned 1n the area enclosed by ¥,
then by the rendue Hneorem, we have:

arol 1=-11¢ not,

ard 2=l s net,

as follows: ¥
20
J; T M) ﬁc’S[{(e),z=—|]
= 2qvi (1)
et 2§ U
|<1§.

An example of such ¥ ¥ y={2€C: |2+

- Y 15 Such Hrat it does not contain t=1or 2571, then by Couchy's theorem
241
24t . o,

we have that: *YX s
An example of such y 1S y-f{zecilzl <23,



med. .

p State and prve the Schwart Lermma, includding what dSgiiae "the case of qualty
o k. é\,“\"w Let £ be holomorphic in the unit disk D suth +nat

@£ and f6)=0. Then we have Hhat 2121 and |f'70)] =1
for all 2. T f@uaMg holds (142) = li‘),%m we have Heat
{(2)=- A2 wheve |2|=1, €.
P_fpg_ﬁ Let n bé 4he oveler of Hhe 2evo at 1=0,

Then 3(i)= f@) exterds fvo be analytc i D.
2'\

Let r<l. Swmce D ¢ bourded af'-dg

wn D, by the maximum pnndaple we have Heat

i continuouS on D ard aralytic

;

|

% maxffi):maxﬂi)lswf,'.——al
Y;‘C%f‘lglz)l zcmﬁ)\g(e)"-)‘f‘” “het il & r” Fo o as el

So we have \f_(,i_)‘f L W2 $4elT 2 12) Since 2€D.
Z'\

Therefove, |4(2)) ¢ 121,
Suppose (2ol = 12e| for some 2.¥0 D.

Then | = (2] < ‘_{@jl‘ = \9(&,)]) so we have equality \n +he
lio‘ ‘lo\n
(2)= A for Some |Al=1, A€C.

MAXIMUIN pn'n(fple, So VZG(D, 9

Az but Fom N = (M 126l £ [ 26l
g bt A [f(1)l = 12o) 2 121" = 12l = n=l.

Therefore, i equality halds, then we

hove $(2)=A2 where |2)=1, A€C.
o



conhnued. - .
@(A) Show that a conhnuous fanchon £ D= € tHhat 1s NlOMOY'Phlc on tHhe ~
Avsc D\ [o,1) 15 holomevphic on . $hs
Pf: Let R be a Ncmngle in 4he unit disc D st 1S Sides are Para_“e.l +o Hne
veal avol \wmagiraw axes. )
- If R does not intexsect [O;D,fhm bj (auchy'S +heorem, Ygg‘“ﬂdf 0.
‘18 R doeS wntersect [0,1), there are two possible cases:

Lase 1: 3 The u'm‘cgm,\ arvurd the curve to the
P Since £ s conhnuous, as 00, then the integral

N

/ : > ovex r,, 5;' fr21dz, ard the integral ovex 1,
TS B 4 24 P
{ '4 e J?ij’?}'““’ f| fydz = 'L'f(f)dg)w:\\ cancel each ether out
when adeded.
By the mL m(guahﬁ-{, ILJ‘({)O‘%":Lélﬁz”ldil—ﬂa af E-0.

lcg s . W"\LJ)

£

-
#

. L., {J »

So a§ £0 ard 0, the \‘m—caml ovex the modified contour of R approackes
the mffgm.l over R, whoh 1§ alSo 0.

Therefore, by Movern's theorem, Since ve have +rat
have that T must be holomerphic in D.

v(.aiéwzfv T AS 0) btj conhnuty we ﬂf+ +hrat L«t- J‘(:f - . : 0,

-
4*:};( i and the modified curve R onthe left becomes
g e A hike C This new curve R' has ft2)dt=0.
E:} " tj IR

: By Movera's theoremm, we have trat £ must be
holomorphic on D.

&mf(t)d r=0,we

i

()

(8) Give an example of & holomorphic funchon £ DALO, )= € that has ne
holomorphic extension to D.

_f_’_{‘_; Let {(2)= lag(«z) with the branth cut on [0,0").

Then Sr,* .rr, ¢0 because £ (S not continuous on [0, 1).

ic N [D\[O").
b (T8 not conhnueous in lD).
3

OR. (onSider £(2) =%, Whith s holomerph
However, 1t cannot extend holomorphically



'ueo(.
Tn S problem ; : |
4 yPal®)= Aot a, 2 ta,2 +as2> 1§ a cubic polynomial with coefty

Gents
Vector' a =(ay, a, bz, Ay ). .

|
@) State Rouche's Theorem. |
b P - ' ]
L Pouche’s Thesrem: Let ¢ 0r((? be two aralytic funchons ina Gow deo
Aomain D. I (4(0) < [§(2)] or 9D for all 2€€, tnen i s

the same number of texas In D, courhrg muthgliutier. O

(b) The Fo‘ﬂﬂcml'a,l Pou 3 @) =11 es 27+ 2> has a Simplé voot at &=-1, Withowt Mso‘,?ﬁ
an explicit soluhon of the cubic, Show Hrat there S a v\etjv\borl\wd Ue "

(L1, SUuch that F aeld, +hen pa(2) has a unique oot c@) close fo —l.




uedq .
Suppose fn 15 a sequence of holomerphic Aunchions on D such that Re(f,(2))> 0
for all 2€D ard all n

(a) T £.(0)=1 Gr all N, shew Huat £, has a Subsequence that converges
Uht'w‘ormly on cempact Subsets of D +5 a helomerphic £ for whith Re(¥(2) >0 on D
Pf:

LA S| L. [/, R=right kalf plane

-
-
-

lgml: %—;‘.‘

12-1l<c)z41| 5 !_g_-_HC' V2eR
(241

Let 9,\(;)_- q e fo D—D.
Observe +rat ;3“(1)1 <| for all 2€D.
fgn(ﬂ)} IS uanmhj bouroled on D.

Therefort, 11 15 o nermal farily.

So Rynk (2) whioh converges uniformly on compact subsets of D o
Some Ana/yhc function h (on b),

I 7 h o gn, (8)- W) <€

I b/ p ‘nfp 3

:.7'[",-—)/\ =) f"k-—, 9-'-/- kb it
we have h.-D- 1P

L0)=1 = 4., (3)=1 = I l0d= 924, (0)r 961) 6.
In,(0)=0 Vn,,

Thus, his)=0. 3

We have h(z): D= D, hio)=0.

So bj Schware's lemnaa, ”‘(‘3)'9'2' for all 2€D
=2 k()< V2eD

Then l‘hk(g)-—-—’g"olo\ locally uniformly.

Re (9o h(2))v0.



conhnued. . .

(k) IS Hhs bue without the assumphon that £, (0) =1 forall n?
FL No

ConsSider fn (Q)’ Jn’

Then £,(2):D— H, but fa(2)—>o0 unmformly on .
O



