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1) How many dishnit 2¢ D Satisfy

zg-r s2t+l g
2t

Pf: Note that 2= -6 1S not a zexm of 2;* S+l
let y= 2™ peteam.
On ¥, we have that [221=1
(1z1=1) 1se*l= 5
hl=1.
Let F(2)= 52% and g(2)= 21,
On ¥ (D), we have trat lg(l)l-‘- 141=2<6=|f(2)l.
By Rouché's theoren, we bhave that £ and 19 have the same
number of zevos in D -
Since £(2)= 52 has twe 2es (rerw at 2=0 w/ mulf. 2) n b, we have
that Fl2)+9(2)~ 22+ 527+ | alfo has two zerps in D.

Now we will Show that these two teros are dishnct
Suppose that there is one 2em 2, of multiphety 2 of
z2+S2*+1 'n D.
Them 23+52%+1= (2-2)"g(R), where 9(2) 15 nonzem at 2, 2rd
aralytic near 2o (g 75 linear).
If a zerd has mulhplicity 2, then 1+ must- also b€ a 2ero of the
derivative.
Takirg the denvative, we get
322+ 102= 2(2-2.)9(2) + (2-2.)"9'(2).

Evaluatirg at ta, we get 222 +(02. = 2(20”
=0

2.)9(%) * (2-2:)"9'(3,)

Note trat 32 +10% = 2(32 #10) has zers at =0 ard 2= :;'Q )

whioh are not zeros of 2°+52%+1.

Therefore, 22452241 _ 0 has two dishnet zens in D.
2+ 06 5




" Continued. .. : . k.
@ Let fl2)=_L_, y, = {2€C: lzetitr | =r} consider g(r) =fer(%)d%, Where ¥
| anel

vt o | o3
r>0, and each y, 1§ positively onented. Ard the domain of definition

the values of g(r).
Pf: Note that [2titll= | 2-(-i-0l. _ .
ard 2=

| The polet of £(2) are 27! 2
Se g(r) ¢ wdeﬁnul on the ourved drawn or the

e, '
o ‘ left hand Side.

—F—rd
. 4 \ R
{9y
g
e

¥ 2= (big curve), then [iti+1)=|zitl|={q+1 =45.

If A 'i (SMQN W(N)' 'H'\m I-"f,‘f'l = l‘, = |.
Therebore, the domain of definihon of glr) s (o, ) U1, 42) (A3, )

- If 0<r<l, then £(2) S analgﬁc in a nbhd of B (-1-1).
Thus, by Cauthy's theorem, g(r) =[ #2)dz = 0.

- If 1<r<{5, then £(2) has a pole at 2=-1, so by the residue
theorem, g(r)=[ £(t)d2 = 2m Resp()
y Xe | :
=2m:* hm feniys Lo
2 (zei) (R-1)
= Wl I |
o e B
- FO
= 2Mm =3
= -

- r>J5, then f(2) haS a pole at 2=1 anodl 2= 1) So by the refidue
theorem, g(r) ‘f"F(%)d% = 2111 (Resp (i) + Rese (D)

2w (4 2
=20
=:0_



nued.
ms‘mbe A holomoerphic 1Somorphism between regions U=fz:l2l<|, Im(z) >0F
and V= f2:Re(2)>0, 1m(2)> 6},

. W 7> 1 t2
\ -2
i T oy

-1 .—.-.T_’ {

Let £ UV be given by f(z) =L(1:j%_.

g
Then f: 2 wio Since -0 “"’30",
('2§ tf a (on&:fmaf wagp WLYDm A o Vv ' V]

anrd the Qﬂﬂ'f at t=-1 1S pr‘e'.’fC(W’«:/. =
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| @ Let £ be a rational funchon Such that all 11S poles are cntained in D. Prove :

£ has an anhidenvative outside of D ¥ and only & the rhonal funchon '
§(2)= 35 #(3) has residue 0 at 2=0.

L:-Suppose g(2) =3, f(3) has resdue 0 at 220
Accail that f has an analyhe antidedvative in L €

f,”"‘“i =0 for any closed curve ¥ tn 1.
case 1: Agsume y 1S a dored axrve i €\D st the regton

D{, bounded by y S contained in C\D (like ¥1).
w : Then g"f‘(i)d% =0 by Ccudvj’s theovem.
. § o x1

Case 2: Assume Y 15 & dosed curve that winds amurd D.
WLOG, we can asSume ¥ = F{e'*, 0¢t% 2w, R>1.

Note f 2i 'S a pole of {, then 12il<I, So HT,‘N for 2:#0.
Also the poles of 9(2) are 220 ard the po'(!‘O‘P f\(%)
(bCCaure 1"(77‘3_‘;)= £(23), <o f(‘iL) hat poles ot .217)
Thus, 9(2) has poles outside of D exceet at 2=0.
Letting w=—% , dw = :"!L‘d{' we. have
dw=-[(3)ad2=-| 9@dz.
L{(w) w frf(%)i Az _‘;3 -

Notice f wey, then w=ﬂe'*, K>
So %: _'l;\_e-tf) pLt<2m, where .#<"
Thus, r=7":c".+ 18 ana'h'vdy onmfu(.
‘J‘rg(z)di = f_rg(e)di- , where —T 1S positively onented.
Therefore, by +he Pesidue theoresmr, we have
f q(2)dz - 2¢ri- ReS, (0) = 2~ 0 = 0.
-r |

Hence, fxm)dz =0 for any dosed wrve ¥ < C\D, cof has a

prmitive (analytic anhdenvative) n Q\D.




nued. .. |
nw suppose ¥ has an onalytic antdenvative outcide of [D.
we WT5 that Reg, (0) = 0.

Let g(2)- ;,L. r(%) i

We know from befyre f‘rf(z)d% :f-r g(z)de

3= re't s 3

>
r>| ey
e

1.

By the reridue theorem,

2 - thg (0) =f 3(,5)0(2 , where ¢ 15 asrmall arde arvurd 2=0
. inside b.

By asSumption, fx f(zldz = O.
Thus, f q2)d2=0 = 2mi-Resqlo) =0 = Recq (0) ~0.
cv J
()




Conhaued. -.

G Let £ be a holomorphic funchon 1a avegion. We say Ze in the vegion 15 a local
maximum for (£ f [£(2)] 2 |F2)] for all 2 near ze, and 2o 5 & local
Mminimum for [£| # when that me%uamy 15 reverted.

() Prove demats +he $4ong maximum pnnciple: £15 constant f and only it | fl
has a local maximum.

AR Sup pose 1] has a local moximum, e, 3 z. st [F(2)]2 £zl 1n
B, (2e) St By(2s) 1§ containtsl th the region.

By Cauchy's |"n+e3r1l fairmula,

f(z0) = _| £(%) . i seg s
zmjy 3'%-‘”’ et .

&5 v 't ¢
.i__—J fltotre )‘”.e' dt
m 0 re'f

- 2r :
B ;L;TL faotre™t)dt.
r4
Thus, [£(2) £ ;‘,;fo “Ie(erret) dt

0 ¢ E!F L" 12z +re™)| - £ dt

( el d
= 2ee | f (2]

But [£(2. +reit)|- [£(2)] £ 0 Since ta 1S a local maximu:
Therefore, |£(zotre™ )= [£(2).

Thus, [£1 r conttant in By (2e).

Let IH‘C n Be (2.), where € 1S Sorné constant.

Note that F=utiv, whert Ux=Vy and uy=-Vy. ((authy-
Since |fl=¢c WfI*=u*+v? =c?

co differenhahrg, 20Uy t2vev, =0 ord Zuty + 2v-vy =0
= Zuuyg-2VUy =0 ard  2uuy t2vux=0
S M = u—v}[ur]= o]
v owu jiuy 0
Note trat det(M) = uttvi=c* by 1£1°
If c#0, then det(M)#0. Hente, Ax=Uy =0, 50 LT Conftant.

Ritmann

By Cauchy - Riemann, v i€ alfo canstant. Hence, £ 18 constant.
If c=0, then [fl=0, Co f=0. Hence, £ ¢ constant




ued.
thus, £ 18 conStant (n B,(2,).

By the identity thesrem, £ 1§ @nftant in all of the region.

. Suppo!f £ s conStant.
Letx f(2) =¢ for some conitant €.
Then |f(2)l=¢c WV 2elL (our re.ga‘on),
So |tz ) =2 1#(2)] for all ZEL.
Take any 2,60, we have that 2o 15 4 local moximum.

Therefore, |£] has A local maximum. o

(W) T it +rue +hat £ 15 constant (f and only if [fl has a local:mintmum? Guive &
proot or a counterexample.

P Let f@)=2 i D.

Then (£l attaing a minimum at 20, but £ 1S not constant.
(|




Conhnued. -

@ () Qe defnitiens of a harmonic conjugate and of a rommal Gumly.

Ff -Let u be harmonic (conhnuous, real-valued funthon 5. Usat Uy, =0)

Then v 15 the harmonic conjugate of u if v 1s harmenic and
f=u+iv 1% amqu-hc.

‘Let F be a family of analyhc bunchoni on a domarin S1.
Then F 15 normal if for any sequence (tnY c F, there exists &

subsequence (4.} that converger locally aniformly
V e
converges uniformly on

compact subsets of L1
o

XA ‘f‘thtlj F s normal & F s \cu:d‘5 vmlﬁ-n\\ltj bounded ;
for any cempact Subfet K &L, Hhert exists Ck
Such +hat 1F1€ Cx for all feF en K.

(helds fov harmenic functions)

(b) AsSume that U=S A harmenmic funthon i a Simply connected reg
+ 4+ue Had u s bourded ¥ and onl

s 8 harmovni wnJuscLﬂ. = K B
i§ beunded ? Givk a proof or a ceunterexample.
Pf. Consider LOG (2) = log 2| +Targ(®) . This 1§ harmontc.
———

—
1A v

ron and vV
Y v v

f2:-zarg@) < T}

n- gzl w1 not bouraled when we get

] cloge +o O.
|~ but v 1§ bourded. D

(c) Assume Hhat Y = fund 18 & family of harmonic funchens in 4 Simply Connected
regien anel V={vn} 15 the family of Hhew havmenic Conjugates. IS it tue Hrat
U 1$ normal f apol only 1 VIS normal? Give proof or Lounter example.

f_ﬁ Let U’iu,,=n} anA 'V={Vn=0}.

wie V\P(’d Mxx"’b(\'y-" 0 dﬁo‘ Ux=vy ) M‘I:'VX) ard (un‘x’ 0) (un)yso.

U 1's not baundea/) bu+ V 1§ bourded

V¢ normael.

U 15 not a normal family, but VvV e
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