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Let @ be a bourded connected open subset of €, and et f be a nonconstant
conhrnuous funchon on G which s helomorphic on G. ASsume +hat If(2)] =1

fov all 2€ 2G. Show Heat £ has at least one 2éxv in Qa.
f. Assume that £ 1S nonzero . &7, Le., f()+0 Y21ei.
Since {13 holomovphic on G ard continuous on G, by the parimum

pnaple, we have that I£| attains a maximum on 26
fv'.’.‘d(l‘l,lg Pr'lfflp,"{’} W e p\a

: i ve that H
Since £ 15 MNP VI TR ve that Hl

attains a minimum on dG.

So we have max |[£2)| = min @)= 1 since [{(2)1=1 on JdG
2€QG 2€6

So [f(2)|=\ for all 2€6G.

TV\CN‘F(‘\Y{‘) btj +Hheé maximum Pt’H"CIP(C, We g€’f ~+Hract L

This 15 a covvadiction Since we are g'ven £ s nonconsStant N G.

< constart m G é

Thus, £ has ot \east one zerv v G P 0




Conhnued. .

@ Let f(z2) be holomorphic in the nght half-plane H:=fzed: Re(2)> 0}, with
)< | for all 2€H. I £0)=0, how (arge can [4(2)] be?

i we want y:D- D st (0)=0 and lp @) «1.
Observe +hat

D p H Tl D
i /4 s Y =

_, 1
AN 9 % M{ h h if L 3 il %. S
!

— ”

!
'

hes 3(z):§%a S0 3—’(‘2)= "g‘—*lé)) and h(2)=-12, S° Wi()=12.

Notice that £(2)= (9 h")(2) and £()=g(h () = 0, IT@I<1. 7
Let Y:D->D by @&y =(ge ko L\.g")(%).

We have that (@)1 and (0) = g(h"(h(§(0)) = g(h(W(1)) = 9(h (1))
s ,F{,) =0 v’
By Schwarz's lemma, we have that \p(2)| < )2(:

lp(2)] = 1(gob'ehe g")()| £ 121
[(feheg )R %12 = \4(hig'(2))] £ 12l
\

s Wiiees
= ) ¢ ‘__?_L'

So \f(2)] ¢ ,'2*'

¢ |zl

L% PG T
-2 -\ 2*’5‘ 3
Twuerefore, |£(2)| can ‘e as large as 3

Let w(%)=}§;:. Then (W(0]= | 221513

Thus, Jg s a Sharp bourdl. a

*yYiSa funchon that satichies all the Conditions of 4he hypo%mﬁ
and 19(2)] = 5. Thus, the upper bourd 15 shavp (can \o€ attained).



ued.

aluate and jushify yowr answer f“ x*_ dx
0

X4+x?+ |
Hint: you can use the denhty a® (= (a*-(a"+ a* +1).
2 2
»- -l
ik UStrg the hint, we can rewnte _,35_1__.. as &2 (: ).
xYe x4l K Ve
Let £(2) = 22(2*1).
£ =1 ify ianfs X T S¥3 2mi +
No-h»(e ‘f"‘d‘f 26" kaS VDO”‘S e {C. ,e,e ‘e )f )al\ﬂ("‘M
2%| haf voott ot & ard TR 24 e e
W ﬂ/;e 36’ /?

J J

There ore, £(2) has Cimple poles “'2ze

B . omi- S Res[H(2), 2]
By the residue theorem, vt have thact j;f(%)di 2m 45

We will Compute Hre vesidues N 2/
g = /3 = himr _—-———-‘—"_—‘2'—_——"‘—‘——— " - - - /3
F\() (‘('(2)’ Z e ] Z"'(.ﬂ/3 (?_ez"’/Byz’euﬂ'/ayéch‘m)‘;) (C T"S)(e "l)(e q'f'/3)
- wm(3 _ am{3 _ -\ {3
it i AL Al vt X
; 2m%] - lm .y 23 Y™
Res (£(z) 27€ ] 290 28 (1-{'"’3)(2 ,C‘m-/z)(%,esw;) (e™*)(e e
8m|3 4
=¢ __:fln'/B_; 11*'5{; MIB
Res[fre), 2=¢ ™) = lim 2? - ﬂ})(e,_",,,)( w7y
] 3 uny/ ; =3 7 i3 " e e
L ’({_ o3 (2-€" 13)2-€"™"3) (e
=anl/3-"‘_fﬁ
o WG omj3

%] ? = 2 ;
i Hm _————-———-——‘—-""—_q_w-v(;) (C“"'/B)(e"' (C“ '3)

i
Res[f(z), 2= € e S T L Y (7

S el e ¢
- En ey ,.‘_{‘_3]
Thm«%rr’, wWe 'ralne 5“%)0}2:2«1‘[%—‘_1@_%—1*%3 2 !_,i_ 1+ S
-0
= 21 (-2)

= =)
o 00
=4 _
Since £ 1S an even funchon, we have that L f)dz 1[»{(1)0'1

Thus, We condude +rat j": Xi Ax = L (-4m) = - 210,
SR .




Conhinued. . .

: . 2
@SMPPOSC f s Cﬂ‘hre,al\d L H(re““)laH P r\3/‘4 for all r>o0. Prove that P= o

i .
i Since £ s entive, we can write € as a corvergent power Senet Certtred

)
AL A0 2 flE) L?anzn‘
n=

o\

Ax r>o.

by Cauchy's integral formula, Qn 1) e

n+\

1]
L%
3|~
—_—-\
~
X

Thus 2 ( ‘
3 la"" ——l"'j LL}\M"Jf

21l m—ri

12l=r T hat=r

nt H(r(’*)“ﬁf”ﬂ(‘f'

2Tvr
| 3
= /4
21TY
r!S/q—n
217
g ! 'r:—n
o We hnave: Y
¢ € X _,0 asvr—oe for n>13/4
217
.
_rj——..-)o al yr—0 ﬁ)\r n< i3y
21r

Therefave, a,=0 for all n€Z.

ThuS‘ we coneluole trat = 0.

n+l

ldz|




ned.,

Prove that theére 1S no funchon £ Haat 1S holomoyphic in the punctured disk D\o,
and ' has a simple pele at 0.

V.(‘ ASsume SUth dn { exists

ig ' o9 -
since ' has a Simple pole at 0, we have £'(2)= £+ 5 ca?”
2 n-0
Swmee f 15 ho’ore’or*p&;c in D\{o} it has Laurent series
= oQ N\
(2) = = ant" (centered at 2-0).
n:-os
. .-‘ ] ﬁv n—!
Thevefore, T(2)= <~ na 2" .
n=-0
o) n-|
But 2 naat’ =..+ 284 A 0:% Lq4,424,1¢...,
e Z} 22 Z

¢ irq a Simple
whith means that ¢, =0-a, =0. 4 Contradicts 5 hAT Y ol
’,‘p/( at 2=0.

ThR'MfON, Such a Lunction does not exist.



Conh'r\ch. . —
© Let + be a complex-valued function i the unit disk D Such that both

functions F*and £3 are wolomorphic in D. Prove that £ 18 holgmoerphic as well.

M. Suppose trat £ and 12 are halamorphic in D.
P

Then 3=£ s well-defined and halomovpluc except at the zecos of £

P ;
ook Bt 1 2, 5 w28 WP A i vep AT a8 welas 1.

Then £%(2) = (2-2.)" g(2) for some Mn€l, ard g, h pralomwovphic
‘Ps(l) s (Z' la)ﬂ h(e) 1014"16'1'700’15' W“‘*(’"" aré '\Cﬂvaﬁff/”p;/f?
arpunel Ze-

Observe trat 7, 1 alto 4 2eco of the holomarphic function £ = £y =)

Jordcr Zm=2n.

There exists KEZ" st m=2K, n=3k.

HM(eI :F(‘Z) e (3’ 2.)""\,2) IAS We“’d('ﬁnfd al‘d F--O’ONL@YP’A{C OYDUVQ( io—

9(2)

When 27 2., F(2) = f(2). Ard F(2.)- 0= f(2s).

Th&’”f’ﬁ)rf, T: £ kg}omerphc at cath 1o T.-

fov anywhere elte, £ - 4> is also helomevphic as 'é‘; 1S helomnerphie.
: P 0
!f hat a revwovable 5!%%»&!&"{:‘1 at 1o since ('S bourded pear 2.

[ (eince + equals T near 2. ord ? i holopovphe at ).
{

TV‘U‘ by conhnuty we muft have P=’? at Zo.




