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, R b for
'/ Does there exist a funchon £, holomorphic in €\{07 Suok +rat &) = Zpine
all 2eC\ faf.?"fb\ft Your assertion.

P{ Suppose there does exist Cuch o function F
Tnen 1F(2)1 2 7y, Fiv all 2e€\fo3.
2 (2| €MDY

et g@) < - Thea 13(0] |70

Stnce g s holomorphic 1m €\{o} ord 9 1 bourded, by Rremann's

remaovable singularity thesrem, we have trat g har a removable

Cngularnty at 2z -o. (To see thi, nate Jim 190D = 0).

Therefore, we can extend g o be an entire funchon 3. /9’(0):0)

Then 15@)] 21217 for all 2€€.

Let C,, (0) be +the cirtle of radivs 2R, R>0, centered at 2-0.

Then for all 2 € Balo),
lq'(2)] - l{:—ﬂg 96). 4z

4 Lg L‘f{j]_]z (d7] Since g 15 enhre.

v (3727 &
v 3 :

Note # 7 €Bg(0), 3¢C,a(0). Then |2-21> &, so a

e T
lg' ()1 Z'WI; o \d3]
{ R‘VIO \
= _E\_q_'_i ’ Z“R Bt E\—‘Tw

2 RE

a3 0 as R— 09,

so 9'(1)z0. Therefore, g@) 1€ covstant.
- i 26 L et
But G(0)=0, s0 §£0. Then £2%5 , whith « a contradiche 4
0 exist,
There fove, We conclude that fuch a funchon £ cannot exust ;




Conhnued. .. e
@ Let Aut(D) be the group of hatomorphic automophisms of D and let Id be +E e
\dentity map-
(i) For each beD, conchuct a map e At(DNIAY such tvat #b (5 a fixed pong§
of g,re, ylb)=b.
PL: Let beD St btO.
Let ,(2)= b-1
I-b2
Then ,(b)=0, So we need arother automorphism of D tHatsends 0 to b.
Let @, (2)= btz . Taen §,(0)- b.
[t bt
Then 9 = ¢, 0, : DD 15 an automorphism and(y,e Y )(b) = ¢, (0) = b.

ObStrve that (@, ¢)R) - %(%)

= - 2
o+ (1)
T -1
M’(\b—‘w)
- b-bbrtb-?
b
|-p2tbb-bt
\- bt i e
2b-bbz-t_ 1-2btthk
—— -
l-b2

I-b?
|-2bZtbb

"

)

o () # 7
ObCerve +rat ,(0)=lo and y,(b)#0, S0 0 15 not fixed.

So yetp, fixes b buk (8 not the vdenhty.
I€ b=0, then Y(2)=c2 for le\=1, ¢+ |.



a

ceS there exist a wa, eA d . ,
pomts i D P hrove: i re atﬁ{em::flb)\ﬁl b Such that y have tweo dishnct fixed

Pf. ASSume there exists ¢ /\u{(u))\fld} st Y haftwo dishnct Gred paints.
RGt Suppese the twe Axed Fomﬁ are W(0)=0 ard Yla)=a (at 0),
Sme DD ard W(0):=0, kY Sohwar?'s lemwa we phave that
Wl03|= 0, so g 1s A vwtation, ne., W)= A2 where |A]= 1

Thean q)(a)-. Aq = A = Ac
There fore, Y(2)=2 1S the identity, but W € Aut(D)\ 1743, Y

Now Suppose the two Gxed ponts are Y(a)-a onol wb)=b (a,bt0,ath).

Lex ‘P”)= _@;—i ;Wh"é"\ ¢ an aufomerphism of b st Y= up"‘
\-at

Let 9= tp"v\yot{). Then 913 alfe an automorphim of D.
We have 9(0)=xp"(w((p(0m

=Yy (2)
=y(a)
= 0
We alco have g(kp"(b» URCICEO))
=@~ (o)
=y '(b).

0 A.Xed po;'ﬂ‘f’f) nﬂme’y 0 ana/ (f’"(h)\"O.

So we have that g haltw
the tells vs that g= T1d.

This 1s our Qr3t care, whi
S 4= 1d, - \p"o(f;ogp = Lp-IdD°Lp"r Y
T
Tdp=¢ 4

Thvs 15 a contradhichion becauge (péﬂuJ(ﬂ))\{Id}~

There fore, we contlude that tnere does not exist amag y EAut(DINTIALE
Cuth that y has two oliihnet fxed peints in D. 0




eq- --

t+ G=fzeC:(2|>2} ard
flz)= +n '
) Sy : eve a cmplex differentiable

fun

(hen on r whose denvative (8 £(2)? Prove your asserdion.

Recall 4hat £ hat an analytic anhdenvative in G &
S‘X{({)dz =0 for ary clesed curve ' G.

So it sufhces to chow +hat S,f!i)rli -0 fov ary

tosed cune § n G-
‘ ' 5 f hat peles af 2= 84, 4

—

Obgsevve that (7)) 794 ,_{{3“)(#'”

The poles of £ are all rontained in {red 2l¢ 23> €\G.

Case 1: Suppose y 1f a closed axve Cr Hrot does not winel armund 0.
Then f;f(?)dg =0 by Cauthy's thearenn Since £ 15 analyfic (n an
open nbhel of y that contains all pornts bovrelee by ¥

Care 2: Suppose y 154 closed urve +hat winds arsurd 0 n G.

WLOG, let y=re getcam,r>2.

The reSidue theorem Sayl that f Juer needs to ke memmerphic in &
regron LL with the §m3u1atdw‘ex not on ¥-

Here, £(2) 1S mecmoy phic in € with poles at the Y™ otz of unity,

So weJm§+ r\{’(’(‘( ) £ ﬁ('*) R", 4o Uce +he rendue Ha o,

By the residue theorem, W have
frﬂt) A2 = Zﬁi'%ﬂff{: (23)
= 2471+ 0
=0

Therefore, \n both cases, f, f(2)d2=0 fr any hoced cunve in G.

Thus, we condlude trat £ has an analy-hc anhdenvahve in G, e,
ventable funchon on G whose decivahve
o

there 1S a complex diffe
(5 {(2).




)
Conhnued. . .

@) Let £ be a holomorphic funchon in . Suppose that [£(2)| £ T2
2ED. Prove tat (F(2)l £ 4 for all 2€D.
(-1el)”

Pf. Let 2.€ D, consider B (2o) where 1 15 St B (2) <D
Bj (auﬂuj'S Fbrmula
| £'(2)] = l_._
Il

ifﬁ)—ll, 147]

Jll(fo)

LIV sl
zﬁ§ -2l (-3

36‘(2(’) %, We want 1o bourd +his So H"Z°I>C

lD | Z .L-
@ Then 2o “ o

= 1=l
We are trying s prove Stmethivg involving ;L\-';:‘u co W [7-2.1 L'I’ )
| = Y
Then G-l ()

(3 ;.) zfr

Then et r=1(-{2).
2

Rrtt, need +o vu;FmJ B, (22) € D. Note o 7€ B (), tren

g1% l2s3alie ital & (tal o Jtel = &2 12o1+2(2e0 - 14 12a]
& b 2 i
£ 121 S 'sinte 6P '
fene 2D, thasy B,(2:) €D. :
Now, l : . 1)
Zﬁf |3- %) (| |;|)' A2y Zﬂy (1- 12a\)" (l IZDl l since v i
951(10) Jg"b)
= B 5 —L— |43l
m(1-121) (\\m
Note |3]2lzel +[7-2]= |2o] + 1 —120] |-|£ol = 1214 | Hence, il fd 2 I—('—Z—";l_f—-l)
5 W = 1-\2e|
2
I
Thus, ==l i) J W e 2 12
% ar1-1t \)98‘( )‘“ Tr(l 102 o ﬂ(lql?ni) ( >
'(l'Flo')l
Cince 2, WaS arbitrary, () f(l—":“;\)" v 2eD.
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oW many exvs (0un-ﬁ'y\5 mulholi¢f
| : pliaties does . gt
have i Hhe Ngmn {%Gdf) ;4,“(2;??(”“ ;::rp‘:%':irlil P(i) 2°+2°+652%+ 2
PL Observe 4hat when 121= 2 ,we have 'y
)
12% =17 0' 23

12%]- 2°= 8
152*|=52%=20
(2= 2

let f(2)=2% and g(2)= ¥+52°+2.
On 121-2, we have |9(2)l € 8+20+2 =30 < 32= ().

By Rouché'S thearem, we have thod £ and F1g hove the
of zers on fred #l<2t.
¢ have that

Since §(2) = 25 has a 2ea at 2=0 wf muf.5, w
“‘(‘”*3(2)= plt)= 25+ 234+ 52242 has Rve zenms In j2€d 121¢28.

came nunber

Observe +hat when |21=1, we have

125 = 1
Fid Bad
1S%l= 5%
12]= 2

Let £(z2)=52" and 96)- 25+2°+ 2.
on l2]=1, we bave |g(2)] € 11127 qes= 1f2)l
By Rouché's thearem, we have Hat £ ard £19 have the came number

of 1ems on fzed-121<l].
Cince £()=51% had & 260 at 220 w mult. 2, we have +eat

£(2)49(2) = p(2) - 25423+ 5212 hat

Thevefore, we conclude trat p@)=2°+22+52"+2 has 5-2=3 2eros
n {zeC 1<12l<2s.

two 2erds i 1264 121\ T,

Ol




