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How Many Soluhons (
oWy “’Qd TV
havt tn the umit disk U‘){' NIRRT TOEFT (R AP T e%e5’t1=0
Yt On 2D (2-1), we have (2] =1
[52*{ %

v} = |

+ Lf3y= C33 :
Le Z) 59 ('lr;-/ vv{‘)}‘ = ’-13 {'.s |
j . i '

hen on o)vz)) we hawe ’f’,l‘}
W”)\‘- lv1=2< 3=

Theﬁ"‘(’{byf'/ bu ‘L.:f)u\j[_,«' i "H,\fCY‘Cl\\’ far[{ ,{'43 L\O"v'f Hae Samnt number (r{

Zerns in D

f(2)-52% has a 2e0 at 7
41 =0 hal +heee 720v0S Tn the unmid disk B

o with mulbhphicty 2.
J

Taus, {2)1g@)= 2+ 53

i



' Cenhnued. .

@ Led § be a l'\olon«omlmc mapg of twe wnt disk D nhy Isetf S“PP":‘ £ 3 pot .
tdentity map. Can f have two or more fixed pomﬁ? frove your asserhen.
(Recall weD 1S & hxed point of £.§ —Hw)=w-)

ft Suppose 1 has 4wo fixed ponts.
Case 10 Assume £(0)-0 and f(b)=b , b*0.
By Schwarz lemma, Hf(2)] < l2l.
Notice that fov 2=k, (k)] =1kl
Thus, f(2)=c2, lcl=| (£ 15 a rotmhon),
So f(b)-b=bc = ¢=1l. Thus, f(2)=2 @ blc £ 15 not the id. map.

(aSe2: Assume fla)=a and fe)=b , a,b=0.

Dehine \P[%)= a-z , whith 15 an autormerphitm of D with qrq\'.
I-a

Yo)=a and y'(a)-0.
Let 9(1)’ ((ﬂ-’° fo @)(Z) Then g 1< also an aut of D.
We have +hat glo)- ' (Pl o=y " (f(a) =y (a)=0.

Moreover, qLy™(W) = Y7 (f(y (" (W) - O (F() = ¢V,
This implies trat g has two Pixed ponts, o ard y7'(b).

By the Arst case, Smce 0 15 one fxed pt and ¢ (D) +6 5 the sther,
we get that g 15 the idenhty map on D

Thus, tdy "o Fe @ > Qoidog™=f = goy - {5 idy-F. 4
Cortradichion Y {15 not the entity map.

T‘\WCQ)H‘, 1[ cannst have two or nore fixed porafs.




Rued. .
WDW or disprove that Hhert exists & holomorphic funchien (2) defined on the
punttured disk DVio} such Heat

lim 2 £(3) - i 166aM =
am 2f@=0  ard m £ =00
f.(_ 6‘:’ F‘"!ﬁ‘ﬁrr'i Mrsvalkle S"’F‘Qu’ﬁj’iﬂj Hheprem,
!3::4 (1) = ¢ mplies that 2=0 15 aremevable Hirgulanty ot F02)
o i

But Lim [f(2)|= w0 implies Hhat 2-0 15 a pole.
]

1=0 cannot be both a remevabl Sirg. avol pole.
Tl-f'rﬁ%yfl the Statement S false




Conhnued. ‘
@ And a one-to-gne onformal nap fom U=t EeC: 12121 and Tm(z) >0

7 » . !
P W peage) o O HTEE [ H L L E ™
e = Y W e Y, £ &
i &SR N O/ /4. /11 l
{
v } i

Let £ U=V by [(2)-2-)
Tt

f,: Vo H by flw)=w®

£, H D by m%%’;‘:

et :U—D by £(2)- (Fyefie4) ()
f 15 onformeal bfc the comp. of corformal maps 14 (0-“"%1’”’—/, arel £ 5 -1
ble +He amp. of -1 maps 15 1-1. o



ued. ..
'uppo.rc f;s* a non-Constast holomorphic funchion on D. Suppose (] 1s constant
on the cirtle 1215, Show: ot + has at least one 2em ={zeq: 12l <3S

PE 8y Way of contradichon, assume £(2)#0 V 2€£2 I
Since €15 L\O“OMo(Pl«iC mn D, it 15 conhnuou! on .7):) So »/%»{;\ A
b‘j the mintmum o dulus Pm«a(yle, (D] attains & \\fﬁ I
J

Minmum on J0.

. n
AlSo by tre maximum podulus pnnugle, 1#()| attaini &«
MAXIimum on J.(] .

So 3 2,ea0 st. [F(z)] = min ()] ard

7 ELL

An,€e9a st |FE)l= mex £l

On 94, 1F(D)]=c | where ¢ S Some constant.

So |Fz )= c= 149Dl
Thut, |f2)-c V 1€

By another application of maximum moduluS) we get trad £ 15
. Sinle Il 1§ conStant in _(2-, '+ aHainse a moaXimum \n
(onstant in 2. 2. Hence by max. Pn’nu‘pIE, £ 1S constant in (1.

Since AL 1S an open Subset of D, £ must pe constant in allof B,
by +the tdentty theorem.
This 15 a contradichon Since £ 15 non-censtant on D.

Tnerefhre, £ has at least one 2erv in L= fe €@ IEfe g 5
o



d Conhnued..
@ Let a be a posihve real number. Compute f“ cos (ax) e

» (1+x?)?
'_)_{_' ia?
Tr, Note that € = cos(az)tiSin(az).
D . Let D)= e . The Punchon £(2) rat double poles at
Eatd R (x2™) gy butonly 2=1 €D,
S T ¥ & v)l_,_f__'f_?.___]
The reSidue at 2115 Kfﬁ'[f“h))l 1] ?g\' [O‘:t (2“) (2- N
= !-'m ;(2 ) l
o (l*'l
- bm [ (24D iae’ oy 2(2*0
i")\{ (2*|)"l
=(2)*iae*-¢""2(2))
(21)" a
“'L“.df_q—q,'e'a 7> (a+')
I e,
By the residue thesrem, we Nwtf f(2)di = 2m- 2 hes [FC&): 2;]
J -a 'q(a+l)
= 2‘“«‘ =ye (ﬁ*') = ____c’———""‘"—
I R P

ld?, lﬂl __-—_’_ 0‘21\ L‘g‘ )z‘dil
{(r (1+2Y) ' f 1+ 2)° | f TEE \‘l 11\( a‘

( ldilé‘ M-d l(,+zl)‘,\|_‘?1‘2>(‘fll \3) -{‘S\ (F\"- \)
\

70

3
So we hovt f f(2)de =f f(a)dz *f.f(i)d%.
-R TR
3 sin(r) \
J @s(ax)* isn(ax) iy =S‘Kcos(mx)o\, + 'j ? “:“;(lo\x
fa('”‘)‘ (ex*)? )

Aat+)
lim [0 s yy e "(ath)
g0 Jog (14Xx*) 2

-a
© coslax) ,  _ e (a+1)
i 0 7 i 0




u
'IS there A one-tv-one onformal ma b
annulus A= f?, EC: 1< 12|c2}? vaf; from € pur\d“ureﬁ/ disk D\foj onto the

Yur asserhon.
Pf: ASsume that sugh a 1-] conforneal map £ exists, e
. J l Ll ll
f£:D\foj A

B g e
Then £7 A= DATOY 5 alro- Hl el aralytic.

Swnee £ X boundeod near 0, 0 15 & vemovable Singularity W
Therefore, 1 extends to be aralyfic onall of D.

gﬂ the opin mappirg thesrem, for Some r>0 small,

'F(gr(o»f_:. -f({f))' So

Let £(0) = w € Tt A).

Since £ 8 I-l and oty 3 0L (2)) =, 2,70,

Since € s Hausdecff, 1 oper nbhds U,V of 0 ard 2, resg.,
st UNV =g.

Since £ s open, £(u) ard (V) ave open.

So  £(u)yn £V) ic open with wef (wWnf (V).

Therefore, 3 % nbhd B of w st weB P (OIS (V).
Thus, W' €B, w'#w st w'e Fw) nflv)

W EFU) D AXEUSTE flx)=w E Y, % ¥Xa ble UAY =¢
w'ef (V) D F 1€V st. HXa) = w!

Trerefore, £ 15 not I-1. g Lontraolichon sine £ (1.
Thus, we onclude that theve does rot exi51 such a confornaf
map From D\0F onto A-T12eqi1c1zle2].



