LoA.202!
Le
JI’= f*f be a noncenstunt Smooth Runcion on € Such that the set T given by
: 2ed @)= 75 s & smocth cimple closed curve in €. Denote by G the
hour\deo( region enclosed by I Assume 15 helomorphic in G. Prove that F
as at |east one 2exp I §‘7/1 f el no teros tin G
ff. ASsume £ 15 nonzers n G, so f(2)¢t0 Vi€EG.
Since G 15 baurdeol and £ s holomerphic th G and conh
3G - r, by the paximum modulus pr"Nlp/ﬂ we have that |[fl must
attain a maximum on [.
Sinte wWe assumed +hat £ 15 nontem, by the minmum modulus primsgtey
we havt that |{] must alss adain a minimum on -
But 1£()]=7 on I, so max [{2)= melf@)=7, whith means that
y 2¢Q

(f(z)|=7 Yze@.
The maximum modulus pnnuple tells us thet H |f| attans & max.in G,

Hhen F 15 constant.
Simce 1f(1)]= 7= max |£)] wn &G (e, If] attaing @& MaxXinium n G),

2¢e¢d
we have that £ IS constant. 4

This 1S a Contraolichon because we ascumesd Hrat f

nusug an

i€ nenconttant,

Therefore, £ has at (east one zero in G.



Conhnued.

@ Let g be an entive funchen satisfyirg i ()] £R?, for all R > 200.

Show that g S a po\gnom‘al of degree at mest 9.

nttreo
P Swine g /s evhre, we can wnte g afa convevgert powex Senes ce
at 20, 50 g(2)- 5" an2". Rx £ 200.
n=o (l
By (au,d«y's formula An = ZJan i?-,—%d%.
121K
Thusy faa] =) L f 1) 4a) L 121 1451 < Lf ‘L—R’f,’f'dzl
Zm l«urin ‘ 2w m:r{ﬂ 2 1R
e lgtlldz]l ¢ _L J 1 - J
el J n4l P\ 'di‘ b ldi‘
b jl‘u-g q 2R 121:R zaR : 121 R
1
ézﬁf"r_r?‘“‘ Fe %“ . ﬁ\':‘T” — g o Roe hrn>q

48 2 () 00 (n>9)
Ly Cinte s haldls fr all P : iy

lerting R 02, we ree that 41

Thevrforf‘ A,=0 for n>9.
Thut, we conclude ﬂ"“+3 it a polynom‘a} of dfyr« at nmast 9.




ued. -

OW many terns counting mylhpliatges does the funchon YA=2"- et * 5 have

4 | :
the region {2ed: (21<2} ?prive Yowr asfevhen.

ft: On 9{1(@ ulufﬂ (222, we have

2% 2% - 256
; 10
et 2207« 2¢'%= 20050+ 2i5ind
”t’,(’?l “,tzcogm zmn()l,'(oezrome.?--,m@l, l(a
'! :a & 71 3

Let £(2)-= Z an J(’ Le <+ 5 ' VIR
On 12122, we have ot ‘a/g))‘- N Rk o )

n\h‘((m'f‘ "\i Kot uche's theo {{'1) andt {‘{?)4_‘7(’) havt the Same

number of zexns 11 2(( H'
we have that £2)- 22 hal a 20 oﬂ 2-0 w/m,.uh'p!vnnj 8

8_(e+5 hay 8 ZtroS faurum ruthplt

el(aSe, - (gCl_

T-“(nﬁ(},n'/ f(i)g(z)wy(z): 2 uthes
o jeeds lzle 23
|




Conhnued. .. '
@ Let+ U= {re®:0erez,-w<0< 8 &pliaty descnbe a ene-teone conformal X

fom U onty Hhe unit disk D.

127/3

F’F ~ 273
= W 2i ZH}_Lt T Vv W w W U ueé ropt
P /}—ﬂ 4 > { ; T i
. ' —3 Vi ‘Fz : i3 »r,) g
=N T T )7 i e, L4 L.
\ / A P )
& 7 1 4 2 brm ;—‘ g‘ ! ‘l

o 1".‘ l Cat

et f:UDV by fi(2)-32
1 VAW by Hw)= w??. Then £, (s aralytic on V by fabrg o

. 2L 4he branch wt where ,
;’3';’)\1{” - o f‘;gu)):ued : -MZarg(2)< .
1 — | )= |+ O
4 R by ty i ’—tﬁ
s R—H by () -y* £ ey
1(\(,‘- H—- D by ﬁ(g)’il '
;“ g H
Let f:U—D by f(l)‘(ﬂ.“&"fq°p1°‘r:°‘F')(é)' */__j__._,’ 4
We have +rat £ 15 ane-to-one conforral Since +he | ;Hl’_'
Composition of one—fo-one confprmal maps 15 me—To-one f"} i
onform al. O T D



ued. -
+ H={2eC: Im(2)>
) |h(é)f|4| Porma{“) 206} For al holomorphrc Aunchions h in H Suchk that h(i) =0
H, fed the [argest pessivie value of [h(e)].

. Let hH-D, h()=0, arel |h(2)] 1.
we want kf"-fD"‘) H

1%
z\ /'Y‘\),,] ,H‘,;‘_\, | D
\.J«—Tw—-—q E—‘AK*,—’_‘;) Y /7 VPR
- e L »
L oyi-a ]
et
let 2-) s ' 21" wl24)) =W tw
ol 2-wWiE=wnt) So y(2)-= (2 11)
2(1=w)* l(u—'“) -z
7= ((wH))
|- W

Let D> D by 9) - (hey)2)-
Notice +hat 9(0)- h(y(0)) = h(i) =0, and 1902)1 < 1.
Thmﬁm’, by Schwar?'S lemma, we have that [9(2)] £ 121 ¥ 2¢€D.

So we have, g(2)] < 12!
l?_".i
' 7

"{h('(%ﬂl) <1zl = h@))*

g

G et =120

| 5 e There fove, the largest posable value of [hiedl 1< %
’ g h =)
L 741

There exists f)=2=i (FH— DY st [#(6)] =%

Zt

S0 this bourd i€ §l«.arp. (Shavrp means the uppex bourol af*wwd)
(o

e;_'.l > [hei)] £ [ @2
z2t1 Gr+




Conhnued. --

© Let (- f2e@:21=10°5 with the positive direchon. Bualuate the integi g
L ——————2uu ol 2 Let ' F(#)- .....:-1 _ Obgerve Hrat £ hal sirnple poles
Zm ) 2 | T at 2=k 1€k < 2021,

¢ T1(2-¥) w(z ) for
k=1
B wWrite __Z_fff o f—" B ;41 i ¥ i’.’.’l'. (partial fraction decornposition)
= i i 2-2021
(2-%)
i

Then 22 A (2-2) " (22020 * A, (2-)A-3)~(2-2020) +. .+ Ay R E et
21

Notice +hat the coefhiaent of 2% 1 1 on the LHS avdl s %, Ax on Hhe
k=1
BHS, So we have +hat "}’fA,

s20 2
We also have +Hhat A, 2"_;7( (2- k) B s 10'1"20 2
3 1y AT Rl
e :‘;}'k

By the par‘h’o\l fraction d((omposi‘h'on,

00
A T T

cﬂ'(l'k) 2mil J, ¢! ¢ 2=l

, wheve c:re'+, 0£ tE&2m, r=10°.

Note ﬂ\aJrf,,z_d%,Af__d%

Observe that all poles are bourded by C.

So by the regidue thearem, /\J-[ L de = 2mi-A;.
e 27

There fore, we have




