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Let X be the Space obtamed from R} by removing the three coovdinate axes

Compute 1, (x)
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Suppese a space X has a compact universal covenrg X. Show that +he
fundamen tal group of X 15 finite.
. Since X has a compact universal covenrg X, we have Hot X 5 simely
Connt’c-fid and there exiSts a coveng map P.x—-vx_
Sinte X s Simply conntcted, we have trat the hHing correspordence
X)o7 18 bijechve VxeX.
So it suffices 4o Show that p(X) 1S finite.
We wart an open cover of X.
Since p 1S a (ove,n:rg map, for eath xeX, 3 Ux an evenly covered nbhd .

So X= U Ux = U \Ax. since X 1S Compad' — ot
XEX = (p: X~ X 15 cﬂ&suvg -)P()?) X, 50 X= cet)

By takirg P"of both sides we gH f’ X = U? '(Ux;) -

i
Sinte Uy, are evenly covereal nbhds, we have thad p'(uﬂ U V. . Where
Hhe V;* are anopen Collechon of pairwise oligjoint sets ard Sﬂhf@

p: Vi"— Ux; homeomorphism.

we can wnte p'(X) as p'(X)- S(J‘Of '(Uyx;) = »U U V"

171 «ed
Obsenve that [p' 0NNV | 21 (bfe ply 1 @ homeo. (iy ))
Trere exists a finite collechon of Vi¥'s suck that X UVJ , where
r{j 15 Thyechve fov all -

P'(x) n X = UV{lfJ(x)”)()(X) Uan(X)
\__,__v-/’
ThiS can have at mock K Poln+§ because

0 nv* 141
Thavefore, 117001 ¢ k 3 p7'(x) is fimte.
Thus, Sinté ¢ s a bjjection, we have that T, (X) is finite.
a




' conhnued.

@ Consider +he Follow»»ﬁ equivalency relation on R: x~y f x-y s mh;“‘:—t .‘
Let X be the quohent space [~ with the guohent topology. Descnbe he

‘ s
’*’OPO(OQ\/ X ays C)(Phc'ﬁj as HOLL Cﬂ\ﬂ)C\V\A dec;(le l( X 1S HaMSdof—(‘F \TU {"j
your angwer.

. Let X-[Bfa, and (et q:m—ax be the quetient map-

Consider [0] and [). we wWTS +aod every nbhd of [0] intersects exery

nbhd of [1] (ie, Hat X 1S rot HausSdor '()'

Let W be any open nbkd of [0]:

Since 9 1§ a quohent map, Wt know +hat

WU 15 open in q(lm‘-)( i q"'((ﬂ S open 1N .

So we Know Hat g'(U) € R s open ard cortainS 0. \

If xe q-'(U) ardt X~Y, then y éq:'((,() (47 (u) s sotuvoted )

There fore, Q"((,() 5 clesedl under the equvalence relochon ~.

Since q'(W) SR 15 open and 0 €97(W), led (-a,8)€¢7(U) for me azo.

T yeR, we WT§ yeq'(U).

Q 1S dense in R, so let+ 2€ @ be Suth that |U’2‘<a-

Then -a<y-2 <o = y-2 € %*'(u)_

So ‘j”(‘j'f) because 7 1S ratioral, So W.:c;"(u),

Since y wal arbitrary, we have o IR"C['(O().

va\kl'ﬂg 9 of both Sides, we get q{{ﬁl‘\eq,(q:'(u)):u blc g, 15 Sury.
K/

Thercfore, X=U. U 1¥ an arbihvary nbho of 0.
[Ml1eX =W, So U intexsects wery nbhd of 1r.
ThuS, we conclude +Heat X 1S not Hausdor.

“We can repéat-ths agqument with ome & n place of 0 to Cee that the only
bk of [«] 15 X.

This imphes +rat X 15 the only nohempty open set, re, that X has
the trvial topology (only open setsare g, X).
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Let D be the dogf‘,( unit disk in the PMM’- and £: D~ D 1§ a homeomophism .
Show Hat maps the unit cirele S'c P inh itseld.

f_f_; we wil| aigue k:’l! cortvadichon
AfSume 2€S' ot F) € S
The restrichon £: D\iz} — D\{£@)F 15 Shil & homeomorphsm.

ovserve Haat
D\{a} def. ved. o, (D\{2}) = 0
i o
(corvex)
D\ f@)
del. ret. . (ID\{{({YK) - Z

, wt
So restricked £ (s a homeomorphism between two spaceS thoct bave differe

furdamendal grmoups. g
Yes'.

| Thrs'ic a contradichon, o we condudle trat 2€S' implies £(2
\ ] D




conhnued

(5) (2) Prove that f a path-connected ) locally path-connected space X has finite

Andamental group, +hen any map £ X= S' 15 homotopic 4o @ constant
map (null-homotypic).

Pf: we would like +o use +he geneval ifhrg lemma.
ObSexve that X ¢ paﬂq—(ony\(’(—fea( aral IOC(l“y PA‘H\'(OV‘N’CT?C{-
Let PR S' (the exgp. map) be a covenirg map.
12//, Tf’ Frst we wandt 4o Show that there €XISES a lif+ #: Xx—R.

X? g T remaing o show that £, (1, () € pa (1, (R)).

Observe that Ti (R)=0, S0 we need 4o Show that £ (1, (XD =0.
Sice m(X) s finite, So 15 £ (M), whick 1S contained in

)= Z. The orly finite subgp of Z 15 0, so
Lu (0 (N =0 € po (1,(R)) v

Therefore, 3 a P F: X R

Recall that any conhinuous map into a contvachble Space 15 null-homefvprec.

Since 115 continuous and RS contrachble, we bave that 7 & null-pomotopre.

Let H be a homotopy between F ard a conStant map, them peH 15 a
l"or)w’(’apy between £ and a conStant.

kaft-(ovfl f F s null-herotopic, Then fo IS i
Cvice P15 m.lfl'lfwmm'z;pr‘(, Co WP .

Thuf, Any o p f X-238' it null’kama{—op"c.
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W’E that any map f[R\?L-—-ﬂT") from Hhe real projechive plare o the torus,

home
13 homotopre 4 4 epp shunt vap (null-homotppic).
(f wWe want to yge the

¥ R* exists.
/ i 4 Observe +hat RIP* 43 Pa‘fh—romn.(b/c it 1S the ct3 1mage of §*
WPITT whith s path-conn., and the cis image of path-cann. 15 path-@nn)),

3MW| 'l.‘("hry lemma to show +hat F: RIP*— R™

Obsevve that RIPZ is locally path-cann (bic q:S*— RP* 1s 2
loca( Pameomorph'sm).

Recall Hhat f [ € X ard 1€, X, are (ovenrg maps, then

fixfe: ExE—xx X, given by (2 1,) (e, e.) = (£.(e)), F.(€2)) 1S @ Covexing map.

Since -"-l: S'x S.c) we have +rat P; 'Rz‘——?-"—l 1S a (owm'rg map.
(,leﬂ—af'xs')

Tt cemains 1o chow hat 5 (1 (RP?) € pe (T.(B?).
Obsenve that T, (R*) -0, 50 we WIS £, (1, (RFZ) =0.
Sinte 1, (RPY) = Z2/27 (is inite), we krow 4hat fx (M (RIFY) 15 Ginite.
We Know that fx (T, (RP?) € T, (T?) = Z° The only finte subgroup of
Z*is 0, So Ly (T, (RPP) =0 € pu (7, (R
Thevefore, by the 9@&/&/ /.ffuj lemma the I} 7: RP*—> R exists.
Since IR* 1S Contrachble and any 15 map inho a coptrachble Space oy
null-henstfoprc, we have fhot £ 15 null-hemotopic.
Smce T 15 null-benotoprc, we bave +hat £ 15 hull-hemefopre .
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