P 2o

O Let X be a ﬁpo(03.‘mj space and 16+ A be a subset of X. Bther prove the
‘FOllmeﬁ Smhlmerrf, or give @ countev- example.

L5 A Connected | then-the closure A s connected.
I Let Ac UUV whert (f,V are open, ronemety, ard digjomnt:
(An u, ANV nor\empfy)

Since A § Cormected, ASU or AEV.

WLOC’J) SuPPoSQ’, AcU We WTS ;f\\/’ﬁ ()(EAT =>X6U\)
IF xeA, then xell.

I x 1§ a limit point orA, then every nbhd of x intersects ANDS.
S50 V15 an open nbhd <1 (,{{\\/zg and XéV, so VNA=€&. 7
Thrs 1s & contradichon o every nbhd of X interseching AN

So xeA, AON=p 2 At ULV,

Thercfore, 1§ A (s Connected, then A S convected. 4

2. Tf A (s Connected, +hen (ts interor Tnd(A) 1§ Connected.
P Let A= (x,y) e R x<o3uflx,y)eR*: x>03uig0)} -

~— SR . "

left -haif plane n'gH‘“hal'F plane ongin
Observe that A IS (oﬂV\CCon() ard tHrat
Ind (A) = f(x,g) eR*: x<0J U flxy)e€ R?: x>0} s cisconnected.
—— C S _,.\/_,_._____;
1eft- half plane nght - half plane
There 1§ ho open ball around (0,0), say Beo,0r (1)) Wl'\ertz”o) s
Bro gy (1) € A. Thevefore, (0,0) ¢ Tnt(A), so Tnt(A) 1S R* without the

Y-OXiS. Thus, Int(A) 1§ not connected. :



r ‘
Conhnued. ..
@ Define the equivalence rtlation on R such that x~y f x-y 1§ rahonal

Let R/~ be the quotient space with the quotent +opology . Show +hat R/~
(§ not Hausdorff.

M et q: R— R/~ be the quotient map.
Observe that [0] and [w] are 4wo d
N-0-1T¢ Q.
wWe WTS that eveny nbhd of [0] \nterdeds envery
Let U be an open nbkd of [0].

Stnce g 1§ Conhnuous ard U 15 open in R/~, q”(u(\ is open in A,
We know that 0€q'(uU).
Since q"(U.) '§ open, we have Hat (¢ (-glg)gq'F(u) for Some €70.

"
this rs Saturated and

ishinet ponts B/~ sice

nbhal of [].

containgy an interval.

Let x€PR be arbrrary. Choose re(x-¢,x+€), re@.

So X-r € (¢€,€) 2 x-r €q (W), so x-r~x.

Sinte X-v~xX ard 01"((,() s Saturated and X'réﬂf(u)) we have

Hhat xeq(w).

Cince x was arbitrary in R, we have that F=4"'(1).

Taking g, of both Sides, we get q//(fm =q(q7'(u)) = U since g is Sug.
R/~

So we have Shown that U=TR/~, So UNV # @ for any open,

nonempty veR/~.

There fore, we concluole tract R/~ 1S not Hausdor#¥.
=




ued.
Le

tX0Y be topological spaces Assume that ¥ Hausdoeft' Let fig: X =Y be
Confinwous funchons. Suppose that there exists a dense subset b of X such
that fix)= g(x) for all xeD. Prove thot £0) =90 for all x€X.
B Let A= fxe X: £09)=9 (05 |
We want o Show 4wt A is closed, So we will do ths by Showing
Hat X\A- {xex: £0O+ 95 15 open.
Let xe X\A. Then £0x) €Y.
Take gy ey, Since x € X\A, we know that {(x)#q(x).
Since Y s Hausdord®, there exist open nbhds U et £(x) arol V of 9()
Such that unv=g.
Stnce 10,3 are c4s and U,V are open i Y, we have trat £7(U)
and g"(V) art open in X.
Observe that xe £(U) ard xeg"(\/).
Let W= £7(n) A q7'(v).

W s open (Finite intersechon of opem Sets is open) ard W s
noviempty (v € W) and a nbhod of x .

We WTS that WAA=¢ -
Let YyeW. Then {(Lj)e(,( because W<4£7(u). |
Snce yew, we also have g(g)é\/ because W Eg (V).
But UNV = ¢, S0 £(y)# g(y) for all yeW.
Therehore, WNA =g by definition of A
So Xévw £ XA A «

opem
Thertfore, X\A 1S open = A1 closed.
So we have Hat A 1S4 closed et s+ DEASX.
Since D 1s denge in X, we get +Hat A= X.

Thus, £(X)=906) ¥ xeX. -




Cenhnued. ‘
@ A +opolc'g|‘ca.l Space X s sad to be contvactible f the denhty map Tdy: X— X is
NUll-homotopic ,re,, hometopic 4o a constarnd map.

l. Show +ha+ any convex subset of R™ 15 contrachble
Pf: Let ASR" be convex.
We WTS that Td,:A> A 1§ hemotopic 4o a Constant map, Cxe -
Let H:-[0,(]xA — X be defined by Hx)=(1-H) X+ +X,.
Arst we will check thad H 1S a homatopy- (H s clearly cts)
H(o,x) = 1d, (x)= X,
HL X)) = G, (X)) = Ko
Therefore, H 1S a hamotopy.
Since A ¢ convex, H(+ x)€eA for all +€(o0,i),x€A.

1°4)

Thur, A i€ contyachble. O

2. let Y be a ‘f'opo(ocaa‘ml space. Show Hoat f X s Canmd\ble)-{—hm any
map f: X— Y s null-hometoprc.

Pf: Since X s contrachble, Td,: X— X s homotoprc 4o a Constant
map, Cxo.

Let H:[o,1]1* X— X Such that H(g,x)= Td(x)= %,
H(l,x)= Cx, (x) = ¥o.
Then define Fi: [0, 1% X =Y by Fi(t,x) = (F+H) ),
Hovs cts Since it S the comp. of i<, Fns.
We will theck +hat H 1§ a homotopy
(0, %)= £(H(0,X)) = £(x)
He,x)z £0R0X) = {(;;,)
'lVIN'C 'S Some constant.
Tkerf’fvrf, His a A:ma’/'of?;l.
T/mf) Tl I”IM//'homO'fz)/)'t fo a congtan’ map.




ged
aLfc: €, X be topologiaal spaces. Assume thad E 1< connected. Let g €3 X be
VENVg map with j{"{x) Anite and nonempty For all x€X. Show tnat E (€
COWPQM € ard on!j it X s compact.

ff_f'SuppoSc E 15 compact
Covm’ng mopgs are conhnuous and
S we have Hhat q(€)=X anol S
(the cts \nag € of a compatt cet S
“Suppose X £ compact.
Let Tlelses be an abitrany optn coer of € (e E st
Aaim: By each xe X, Janbhd Viof x st q7(Vy) can be wveresd by

ﬁmfely many U 3. )

ASSuming the caim, we can wate X=U Vx = UVx; (ble K15 cpt).
Then E=q7'(X)* 'Qq"(vx;\ S.Q}Z U, where each Uj € fUla:e T5

Sug‘ccﬁw.
ince g, G, Ecpt 2 q(€)=X 1S ept-
comracf).

(Let U,,..,Wn ¢ a Bnite collection of Uds trat cover g7'(Vx,))

So we lhave EE O(} (,(; i< a Binite union = finite subcover of E.
i:lJ=l

Thevefove, E 1S Compact: O

an arbrvary ogen cover o x€eX.

E@Qf_bﬁ_dg.__f"\,.; wWe have fMo(},(ex
con b€ covered bﬂ ﬁ'm’fc(y rmony Uax'S.

We want a nbhd Vof x st q"(V)

Since C["(x) s Bnite, write ‘1—'()05 ffu-'ye"}-
Let U, be a member of the (U} cover thad conting €. for 1=1,..,n.

Let W be any evenly coveved nbhd of x and wnte q,"(W) L:). W;
We camn vtlabe| these Shices € needed so Hrat ¢, € W,

Then e; € U;NW; for eadh 1.
Cince 9 IS open, the Sets OL(“-'/]Wr') are optm ‘n X and contain X fov each «.

Set V= /3' g (U; W)
)£ 0 wi. Let g eV arbitrary.

we daim that 9,
ew; nw; st q¥i)=y for =, n.

Ey defnition of V, There exists Y
Disjointness of the W, guaantees the yi's art distinct.




conhinued ‘
we know the Gber q/"(y) Intersects each W; exattly once (recall the:
yew and the Wi's are the Shies of 1"(w)).
Heate the Qber ‘l—'(ﬂ) confain§ pxqc,f',j n points, 5o we have fhown
(1'(:1) . f‘j.,.. ,fjnkc .(:;‘M.'.

Since 36 V wafl at’ubm,nf, we contlude ct"(V) S'(:j'b(;.

()




K el
m? 3. Suppose thod M s '?cvnm”(ﬁ’o( n-dimensional manfoldl, ard fé*n’:\.e\'r
Show that the inclusion M\EP O M indues an isomorphism between
furdamental gaups m, (M\ipS) = m (M), \
P Note thort onnected manplds are path-connetted. Therefore, T, (M) docs net
C/Pfo‘\O/ o 'fhc bg‘f( /jp/nf'_
Lt PIEM be distinct. T Suffites to show Hhot every loop at g in A1 o5
Aornofvp;c 70 a loop at g that does net pass Through p.
Let [£1€e1,(M,q). g
Let U be & nbhd of o trat it homeomovphic 1o the open unit ball ,m R"
AT ) st have thad 18700, (V)] 15 2
Let V= M\TE. Since Unv =M, we must have
oPen cover of [o,1].




