\/\/t/g/c’\/\(?

LT X=IN=11,2,3, ¥ and equip X witt e fopology
TIUEX (- ed 9 2nedd. Trat 15, We T if and only if every cdel
NUmber tinat is contaimed i U has s sueesser alse centainesl in U

(a) Prove +Hat (X, AR not- compact, hut of 15 lecally compact (r.e, any
point has a ompact nbiod.).

H. For each NEMN  the set Un= 12n-1,2n] 1S openin X.
NO"(((’ ‘t‘v\;l‘* Xz G Mn) S0 the (\—umxflj f'/{,«.

:NE Mf 1§ a ol:{!/amf open
Cover of X.

Since each integer belorgs €xaa‘{3 one Un, WE have +Hrat th§ over
'S Mminimal, e, F one member of the cover s remeved, the reSuthing
Collection no (owg(/ coveqs the Space.

Therefore, fUn nENS does net admi any eper Subcover, let alone a
finite one.

Thus, X 1S not Compact.

To cee that +ne space is locally compact, et me X be arbitary, and
A m
¢t n = CC!’(’[\)~

Then m € U, = tan-1, 2n3 as defned above.

The set W, S open ard Compact, so 1t 15 4 compact nbhd of m,
as needed.

O




cortinued
(b) Determine (with procf) the connected components of (X, 7).
P et Un-= f2n~l,2n)$.

We clavra trat tach Un 18 a connected component of X.

Since the U5 tover the Space, thit means 4hrat There are ne pther
Connected compenents.

- frst, we Show trat Un 1S connected.
The opn subsets of W, are precerely fznY, @, and Un
T4 1S dear that An Canvet be wrtten al the dl;UoM"f‘ unvon of ary par of
These, So Un 1S Connected.

"N we will demonstrate ot Un S a maximal Connected Subset of X.

It will be helpful to first show +hat Un s Hopen ir X.
This 'S tmmediate Since we hare clready Shown Un 1€ open, and

the complement of U, it §1,2,. , 2n-2, 2n+1,... T

The only tven number missirg from +Has cet S Zn, but s predecessor
(S algo MisSing, So the Set 1S open.

"Now, if UpG AcX, wesee trat ANUL= U, 1S both closed and open 0
the subspace topology

Cince A propely contains Un anel Up 1 nonempty, this demonstrates
Trat A 1§ disconnected.

Thus, Un 15 a maximal Connected subset, and we are done.
=)




s
nx,y be ‘fopologl‘(al gPa(pg/ D A dense subxdrrf X am( {;3 X‘-’\/ continuous
Maps such {‘\(K)"f}(K), for all xeD Show Ahat f Y 1s Hausdor{€, then

=3 on X.
Pf. Recall Hat De X dense meanS D= X.

let A= fxe X f(x);g(,\()}, We WTS +hat A 'S closed.

We will oo so by Showirg that X\A = txeX: F(f\)*9(")§ 15 opén.
Let X € X\NA. Then f(x),9(x) €Y st Flx)#90n.

Since Y 5 Hausdorff and £(x)# g(x), we have that 3 apen nbhols
U of £(x) and v of 9(x) st UNV=g.

Since 1“,9 are confrnuous and WV &Y are open, we have that
/M(U) anol 9'V) are open in X.

We know Ha+ xe!‘"(u) and xeg"(V).

Let We= P00y 1 47(v),

WS open bic tne finite IntexSechion of open sefs s ofpen, arnd W s
X nonempty nbho of x (xe w).

We WTS that wNA-= g

Lt yef'(Wng'(v)=w.

Then yef(u) - frg)e
Ye9 (V)= g(y)ev

Therefore, WANA =¢/‘/0PM

Thus, We have xeWw € ANAy Ba XNAas oper = A s cloceol

A 1S a cdosed subset st DeAe X.

Since D 1S denge in X, we get that A=X.

ThW'FO'Y’, f(x)=y()<) Y XEX.

} UNV =g 5o f(g)#g(g) Vyew.




Conhinued. y
@ Prove that there existS ho one~fo-one cenhnuous mapg fiom R" to [ ﬁn“
N2 1 Hind: How would Such a map act on the unit S'phene.?

&r_p Let f W\;—"’ R be a one-tv-oné conhnuous mag.
Observe that S§*c R and S* 15 Pa'('h'(_wrecfeo( ard compact.

The snhinuous image of a path-conn. space is path-connected.

Sinte €15 cts and §* is path-conn., we have that £(s*) € R must
be path-connected

The path- cennected subsels of R are intervals, so £(S*) must be some
interval n K.

The continuouc imagée of a ompect Space (¥ compact,

Since £15 cts and $* s cpt: we have that £(5°) < R 15 OmPect

Thf’?ﬁ)l"(”’, {(S‘)‘ [":L’] some closed and bouroled intex val n R.

Observe that S%\{a pau‘n‘f‘} 's shll connected ; avol trat

[2,b]\ e p:'om“ﬁ 'S Célual 4o [a, c)u((,g] which 1€ oiscennected.
c

TP‘WFD"(’/ there exists ro C’I’l("fO'OW(;’ continueutf mag ﬁpm /?"‘ 4o

R for n>I
O



Vﬂd
T D be the closed unit disk , and S' +he unit Grele.
(tl) Prove Heat there s no retvachon r: D SI.
PE Assume that suck a retvachion 1 D= S exists.

Then we have that the nduced homomorphism
(2t (D) — 1, (") suqyective.

Observe tra+ m, (D)= 0 ard m($') =1 .

Thrs contradicts v, beirg suective.
I
Therefore, there (5 no retvachon r: 0= 5 O

(b) Prove that every conhinuous map £ D D hasa fixed pont.
PE: Ascume £ D= D 15 a conhnuous map with no fixed point

For eacl )<€(DJ defire r(y) 'n the fnl((}rumg way-

rixy ¢ the intersechon of 4he ray fom f(x) 40 x with S', w h eve
s ray does not include the endlpornt Fx).

Since £ hag ne fixed points, thic map (s well -debined.

This map 1< alfo connusus.
T+ 15 also clear that r. DS Axes S, so itisa retrachon of

D ont» §.
This vnduces T (D) — T, (€) \n tae uua] way.
Tf we (ed J S' D denote tntlusion, then o) 1S the 1dentity

of S', So ("’J)-v g C AT +he ldem‘f"ﬁj automorphism of m(S').

This wva//'(g’ Ve i SUYJPU'\\/ﬁ-
But Synce 11, (D) 1S 4nvial, 14  tnvial.
Since ni(g') 1< Y‘OV\“’TWVI'&{, Yo Cannot be ‘h"h/\'a.l aral S'U(J‘fc.h‘m. %

T ¢ 15 a contvaalichion

has a fixed point
l




Contnued

U Compute the fund amental ()'7’“(
denhhjmﬁ a arle S'x (xﬁﬁ in one torus wrth th
n the othex.

of +he space obtmned frow twe tort ST §
e CoreeSpording cirde S'X {x.3

F( Recall Hrad Ahe ovul oS ‘P{‘-W‘ (’_ft";'f‘.?'{vn/ to S'xS

““(4"' o ({"6 f’u q, 2 a Grile S x an one fous 4o a Lriae
S | ) * { C i

S'X {X,} on the other, we have that thi 5: e 5 SRS QRS

. Weé
j - J ) i o
as idenhfising « Single point between the firstT o 07 ecack Torus
J J b g £

and the enhve Secord S' on eack Aorus.

5, Yeo .
£\
A
N\

Sunce l'd(‘n*ﬁ\(ufwj A ".ny'{)l]( Pow“\*f‘ the wedge p y’s;A-.g{/ wit have that

this Space ¢ homotopic o (§'vs)xg’

Cince T,($V) =7 , we hare Hrat

211
m((S'vS')x S = m(stv §) x T (SY)
= (11,(§) = 0,(5") )x 17, (5"

= v/, "’."', ~77
/x,/ Ll 0 R

0




et K be +he Klern bottie and T 4he two-dimensional torus. Prove or olisprove.
((\) Theére 1S a chnnﬂ map from K +o T,

5.0 ASSume that there exists a Covening mop q: K= T
Then the troluce o homomorphism g 1 (k) — 11, (T) s injective.
Observe that 1w (K)=<a,b:abab’ =17
=<0,b: aba-b) nrorabelian
arol 1 (T) = r,(5' x 5")
=1, (5") = 15(5)
T4 x4 abéelian

(b) There (S a covenng map from T +o K.

PT: Dbserve Heat 1€ wWe take a torus ord draw a line down the piddle as
follow . we have twp Klein bottes.

-——?———'—
A V }

This is a covens .
Therefove, there 15 a coverirg frowa T 4o K.

l




