g4t h
Let X be a topelogical space and A\ B be subsets of X. Prove or disprove the |
Fb\lowwxg S+ equahties. |
(A) XN(AUB) = X\ ( Int(A) U Int(8Y).

M Alse
Let X=MR. ConsSider A- @ and B~ R\Q. k!
(B)- ¢ ard B=F.

Then Tni(A)=# anol A=R. Smilarly, Tnt
We can wnte X\(AuB) - X\(IM'(MUJ_"”{E\D__QL—-
OOAYA OOB) = (X\ Trt(A) N (X\Int(B) = AN B = (3 (A) n(3rt ().

Observe that (Jnt(A) N (znt (8N = ROR™ R
AV RS
Observe that AN B - (R\@)NG = @

But m#g {Z Conhradichon.
Therefove, X\(AUE) # X\( Ir(M U Int(E) YA BeX.

(b) Tnt(X\AUBY) = X\(AUB).

Pl True. ¥ e g
Rrst, we will rewnte IM()(\(AUB)):)(\(AUE’) as Int(AnB)=A OB.

. Let xe Tnt(A“NBS) Then xe U for Some UEANES, U open.
USA® and US B, so X€ Tnt(A9) N Int(BY).

So x € Tnt(A%) Since x U S AS wheve U 1S open.

x €A | every nbhd of x \ntersects A.

But xelUl where U5 ofen ard disjornt from A
XéJM(BC) aincé Xe u € BC W\I\QN u 'S OPM e
ot from B, so X4dB > XEB.
e A0 B

- -6
, S0 XEA. 3 XEA.

Similaxly,
But XEU,where LIS open anal oy

There fore, we have Haat XeANBS. So Tni (AN B
- Now e+ x€ AN B-

XEA= 3 U open with xeUd andl UNA=F =2 USAS

X¢ B> 3V open with xeV ard VNB =g = VEEBS

Go we have XEUNV AN B¢ =5 x e Int(AN BY).

v
open blc ﬁmfe intexsechon

__ of open sets 15 opeh
Therebore, AN BCc Tnt (AN BY).
Thus, Tnt(X\(AUB))= X\(AU 2).



Conhnued. -

Define the equivalence relahon on R such tat x~Y if X-Y 15 rational. Le

R/~ be the quohent space with the quohient fopelegy- Show that R/~ 1S ng
Haus‘do(ﬂ‘

Pf: we clam trat B has the +rivial topology.
Let USRnbe any nonemply open cet T+ subfices to Show that U= Bi~.
Let q: R— R/~ denote the quotiont map "y
Since 9 1$ S and U (s open in Al~, we have trad 9 (W) 15 open in R
Since qu(U\}c R 1S open and nonempty (t contarns an open interval,
Say (a-€,a+¢g) fur Some a€R arol some €70. Tt 1§ alio e seof
Uund er e ecluim!(m(e velahon.

Uaim: 97'(u) = R

To Show thes, let xelR be arbitrary

By ﬂ,mxfjihj of R, theve exists a rational r vwith |[x-a-r|<g.
Hence, x-r=a+x-a-r € (a-€,a+¢).

Since x-r~x, we concluole Hrat xeq’'(U).

Since x was nrb\wary, we hawe q"(u):ﬂ?\.

Takirg the image of oth sioles yielels, q(q'(1)) = q(lﬂ)‘
Since g 1S Surjective, we see that (A - A/~

Th{r‘(ﬁw(‘} W\/N s not Hauddlo (¥,




— —

hued..
Y\L62+ /} be an open subset in R") n>2, whase boundary 9A 15 connected . IS JA
essanly path-connecred 7 Prove your assection.
L The voundary JA neeo net be path- connected.
Consider +he se+ Te R’? deliveil k’y
T= f(x, sin(%)): X € (0,000} 0§03 x 1, 1)
Tiave 'S twe (closure of ) tiae ‘(’0?0'0({}!3“”3 sine curve (ineluelivg the segment
of Hae ‘j”\"'g emsures the set (s closed ).
We consider 4he set A=R*\T, which 1s open.
We cam that =T
T8 X=(Xo,X) €T has X 70, then W 5 dear that any ball B(x,r)

Contuing a vertroal lrne Segment ‘Hv\mug‘/‘ Xo. W& note that the

nly Vertreal line Segments ontained 1a T [i¢ on the Y-axs.

Therebore, x (s a boundary point of A.
TIf x=(0, X)) €T, then any open ball B(x,r) tentans & parnt whese

‘F\'YH wm’(ﬁ‘-,m%[ is r\f(r]/rhvé
Since T only contains ponts with r\onneya‘h'v‘e fint coordinate, we
J

concluel € B(X,'r) intersedts A, so that x€dA.
Tiis establishes TE£JA.
The (q(_mll'ﬁ; T=0A follows becarde€ A \J open awol hence

d\?)owﬁ' fom (fi 'cm.',r/my.
0




COnhnued

@ Show that f a path-connected, loauly path-cannected 5pac X has T (X) Anite
then evey map X~ S' 5 null-homotopic, that 18, 1118 homatoprc <o &
constant map

i Let £: x— S' conhnuous. e

We il uge the g(wmal I;'ng lemma to Show +Hhat 3 A W+ £
. , veallu path-cony
; 'T‘j 0bSexve Haart x i PA‘H*' (.Onv,\(,dp(,! ord l(/‘ﬁlJ‘,? 1-Conn
Sl Let p:IR— S' (the exp. map) be a covenrg MAag-
Touse the Gl suffices +o Show ot £ (M (X)) € - (n, (R ).
ObServe +Hrat N, (W\) . 0, So we WTS tHrat {» (ﬂ!(/‘)) =0.
Since m(X) s ﬁ‘mie, we have Hhat {, (n,()‘)) must be A nite
Observe that £, (mi,(x)) c,(s)=2Z. The only finite subgp of Z 12 0.
So £x(i(X) =0 € pu (11, (B V.
Therefore, by the GiL, there exists a hff 1 X—- R
Recall that a conhinuous funchon into a contrachible space & null-homotpic.
Since T 1S cts ardl R is contrachble, we have that 715 hull-hemotopic.
Since £ 1S null-homotpprc, We have that £ 15 null-hemeotopyc.
(1€ H ic +he hometopy btuwn ? ard a constant; then poH 15 the homatpy
btwin f ar\ﬂ( Aa fm"j'hwf mag every ’
Therefove, £ 1S null - hermotopic,i.e., F: X— S' (s homotopic fo o constand

map.

()




wed

(,(-‘,wpd‘e’ the fundamental groups of +he H)Howmg spaces:
(a) X <R 15 the cemplement of the union of n lines thvugh the ongin,

il x ¢t\izn pointss R:\ {2n-1 points]
[ v deflret. ’ "
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COY\‘hr\ué'({_ .
() T*\§pf, where T 1S the +orus

Pf: ' \ie}

— def. ,,«( _,r{ /,‘1
Ao CA
Ly _
C , i & L I
~ ' | | | ’ ) 17, v )
{/\f! <Al el ‘ /_'0 ! ' TP (i f: vy ”‘.'[ﬁ‘
| .,v}‘ (/, D Al V) \' Y ;

a nbhol in e aols spale 4hat eled

Therefore, we can ute Van-Lampén as

Thus, m(T\{p}) -2 ~Z.

//P/ red.
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T overy conhnuous map h:D= D has a fixed point, that 15, a point x
with h(x) = x, Here D ¢ +he cAoSed unit ohsk n [F,"F ' gt

£ Ass '
P Assume that there 15 a conhnuous meap h:D—D that does not have 4
fixed point.

Then, we can conStruct a conhnuous funchon g:D— S' by Senoling x
along the ray connected h(x) ard X t0 S'

But then 9(x)= % for all xe S, 5o +hat g 15 a retracton o D onto S
But no such retraction exists since if one did, them for y 15 A loof 5.
Since D s convex, ther¢ 1§ a lhomotopy H:(0,]]xD— D +o A constant
loop x, where y s based at Xo.

Since 9 'S -the ilenhity on S') go 9"”' 1§ a homotopy from gey =Y 1o
the congtant loop Xe

So eavh logp in §' 1S horohpiC +o a constant (oop. 4

This 15 a contradichon to ™ (sh=1Z.

Therefore, eneny continuows mag h:D-D has afixed point.
l c




