Frove o dgprve the hillowing statementts.
§u(>f705£ Hat AUB and

(YLet A, B be two open subsets in a topolegical space X.

ANB are connected. Thom A and B must be connected.
PEWe wall show Haad if A or B 1S disconnected, then AUB or ANB 15

diStonniected.
WLOG, Suppoese A 15§ disconnteted. Tnen we can wnte A=A, VA, st AL A

art open, nonempty digjomt subsets of A (ard also gpen in X becange A 15
Opem in X So a Subspace of A 1S open iff 115 optn in X).
Then we have AUB= (ALUA,)UB

ANB = (AUADINB=(ANB)U(A.NB):
‘TF both A NB ard A, NB are both nonempty, then ANB e
of +wo open, nonempy, oligjorrt S€tS (ANBEA, ard A:NBEAS

So AnN® S o(l‘SCOV\Mc—H’o(.
" TE at least one of ANB or A0 B S ermpty, WLOG suppose A (B =7,

then we can wnte AUB =AU (A,UB) sinte ANB =4 ard A\OAAL=Z.

AI’V)( bO'H’\ A, a"«()( Al are anm[)-f‘y (U’\d opw)fo AUB XS 0(13.(077}’1((‘{'(0/.
a

&Lualf +Hie union

:‘)A![\AL;%))

Therefore, we are done.

setS of o hpoloag‘mj Space X §up“ao.§e

(2) Le+ TAT be a countable collechon of open sub
must be connected fyy each t

thot UA; and (VAT are connecteol. Then Al

P{ False.
Let X= R. observe that the only connected subcets of R are intervals,

Singletons, arol -
Let A,= (0,0 (34 and Ai=(0,)) for iz2.

A, and A ore all open subsets of K.
we have that i(:'ZA'. = (0,0°) , whith 1§ cormected, ard

5/\; =(0,1), whioh 1§ also connected.

‘%‘m A for 122 art connected, but A, dmrly diceconnécted.
Therefore, the Statemert W false. :



T .
" Continued. -
- @ Let n22. Define a topelogy Z on R" suchk tat every nonempty open set of =3
the form R\ {at mest finitely wmany po\'m‘ﬁ. Show that any conhaueus funchon

F (R Z)SR ¢ constant.
fi let- Y be a Hauf(.'(c«(( g()n((.

",'i)-*-)\/ Cohhhuouﬁ (M constant.

we will Show that £ (R
n con stant.

Assume that £ s conhinuous ard no
Since f s nomo\nfmnf, we know —hexe exist oS
Since Y is Hausdodf and a# b, we have that 3 ope”

b Suth that UNV=4. )
Since £ 15 conhinuons anel U,V €Y are open, we know that £7(U) ard £7(V)

Ave open N ([P\",Z»)‘
Since £7(U) ard {"(V) are nonempty open setsin ((P\“, 2), they must be of

the forn B\t most finitely many pointsy.

Suppose £7() = R\ {4y, 4 and £7(V)= R\ by, b3,

Then f (M) f f' (V) - R \ia"""an'b""" b"\‘i Fu'r\ih!(fj many poynts
# & blc R" s infinite

But P17V = £ (uav) = £ () - 7 7

Thic 1 a contrad ction.

Therefove, £ must be constant.
Since [A S Haufc/of/'/; we have shown that ony confrnuous frnehon

P (R,VE)—R 1§ constant.
I

finct abef(R,2)EY.
nbds U of a and Vof



ued.
Let £: X=Y be a conhinuous ard injechve map between topelogioal Spaces X and Y.
Prove Hhat o X s Compact and Y (s Hauscloff, then £ 15 an embedding.
pf: Aecall that 5 an embeddirg if the restction F: X f(X) 15 4 homeo.
Sinte €15 conhnuous and injechve, it suffices 4o Show that £ 15 dosed.
Let K¢ X be a dosed subset.
Closed Subsets of compact <pateS are compatt.
Since K i€ closed, X s compact, arol K & X, We have that Kis compact inX.
The conhnuous |',-1\ag( of a (pm‘;a(-# set IS (omfﬂ(‘f.
Cince £ s conhnuoul and Kis cempact; we lave Hhat £(K) 15 compact in Y.
Compact subsets of Hausdorf spaces are closed.
Since f(K) 'S compact, s Hausdor(f, and £(E) €Y, we bhave that F(K) is
closed in Y.
Thfﬂfpr(j/ if KEX (s dosed, then LR EY 15 cloced = Fisa closed map.

Tlm,(fl H X 15 /ompﬂcf anol Y 1§ Hau{’a’orfr[, “+hen 1S an €mb<’n/(?/mj.
a




Conhnued. .

@) pefine M= {(x,y,2) e R 2l= x2+y - 1] with the induced +opology from R
(1) Fird & univeaal covenrg of M.

P{: Obsarve that M 15 homeomerphic To @ oylinder S'x R by the map

F:m-$'xR given by f(x'y.*)f(ﬁif’a ’r?%’.'i)’

T4 is dear Hrat £ 1S continuous. We also have L7 S'A R M givtn by
f—'/X,7,2)= (x,ﬁuu, y{ier, ;) : which 1t also conhnuous.
Aot we will check that £ actually carnes M into S'XIR:

i (x,y,2) €M, th Px,y,2)=[_X— ﬁ’—«t)-’-—l(——- y_ 2\ eS'xR.
Y ) ythen 1%y ([_,—11“;&7:") ((;ngl’mu

Now we will pheek +hat £ actually carnies $'xR ins M:
i (x,y,2) € S'* R, then f"(x,y,i)=(xﬁrﬁ, ydzre1,2)  Se that the sum of
the squares of the Rzt 4wo coovedivates 15 (1%+ \)(X’-Hj’) =2¢l. vV

Since lf\omeomorplm'c spaces have tae Same wniversal Ceven'ng space, i+
suffices to determine the covenrg space of the ¢ylivdex:

Products of Covenng maps are (ovenirg mags, So vt Suffices to firol the
universal cover of S and R, both of which are R.

Go [R* 1S the unveral covenng Space of the glinder (becaure B> 1S

Simply connected). i

(2) Let X=M/~ be the quotient space where ~ 15 the eguivalence relechon genermted
by the relation (x,y, ¥) ~(x,y,- ). TS the quohent map §:M— K a coven'rg
map ? EXplAm youwr answer.

¢f: No, g 15 not a covenrg mag.
Observe that M 1S connected (it 15 homeo.to a tylindler, which 1 conpected ).

If a Covenrg map hay a Connected domain, then every Rber of the nap

has +he same cavdinality.
Therefore, of q 15 covenrg, eath hiber 470 must have the same Size-

But ¢"([|,|,|])= f(!,l,l)’(l,l,—l)} hat Size 2, whereas
q"([n,o,o])={(l,o,0)} ha§ site 1. 4

Thi< i a contraodlichen.

Thuf, 9, cannot ke a covenrg mag-



2 ~\ k
Lt S' denote the unit Grzle {2€€ 121=13, and let D denote the closed uni
disk [TEC |2 ‘}‘ Let X be a +0\90l05|'cal Space. Prove that the following

Statements are eguivaleat: m, (X, X)
() oy every point x € X, the Airndaments gmuf,".'s—m’v\al.

(2) For every conhnuous Aunchon £:§'— X, theve exists a corhnuous Mar
F:D = X whith extends f.
P (2) 300 et xeX and (1€ (X %),
the map that

Since £ 1S a loop, et W be 115 «wle reprefentachve, e,

 descends +o out of 4he quotient.
By asSumption ; w extends to a ¢ts F 5
Fov each s€[0,1], let Hs (1) be the Straglt -line path in D from 1 o
2™ ol ns )= Hsl) (-t e et
We dain 4Hnat FoH 1S a path homatopy between (1 and fhe
conctant path ad fro)=x. FeH isdearly ctc. FoeH s & hemotopy:
FeH(s,0)= FO) = w )= F(0)
FeH(s, 0 = F(e st) - w (e 2m‘5> = £(5)
FoH (0,€)= F(I-++1) = FY = w (1) = £(a)

Fe H (1) = Fli-te4) = F() = wiln Y= P
Thewre Gmc/ [£] s Hhe clogs of +ie Anviad loop, So 7, (X, ) & vrad.

(03 (2): Let £ §'=X be a conhinuous nop.
Then WO"CL [0.1]" X ¢ a loop in X | w hext q?[O‘ﬂ"S 1S Hhe uguad ‘

quehent rap zl_(f) o g e |
By aSSumption, there 1S path hematopy H*[01)*[0,T1> X such that |

H, (s) = £ (5) andd Ho (5)=F(1).

we see +rat, by defn. of path hemotopy, H(o,t) = () = H(L D). |

clam F(te 21S) = H(eA) 1S an extention of £ (well-def ble Hlo 1) =HIH)
|

Tt 1S Uearly 5.
we see trat F(€™)

an extenSion of £

—D.

!

= eyl - ™), 2o ety s



Contnued. .. 3 ) $100 a'fb(eg »Y
<:) Let+ X ¢ the Space oHamed 'me IR b\j Y\’JY\DVU{\j :
€= f(xl‘i %)H“L' x* 4 ('J") =) t'O} and €3 = (x,y,t)elR’; X1+19‘H) =], 2‘0&,
I

Compute m(X) and jushfy your answer

fL ,,;:—'::—] oef. ret. ™ . // . ‘ del. ret: Zw&v:‘?f:(
X [Q?l - , PR €’€9 end pornds

all to one
: 1 1 T A\ homotopy pa\yﬁ'

‘ ival
So 1, (X) =M (VS VS* VS equivalente
Each space, S' ard S’ s locally Buclidean,

! Zz v o 1
o the W({{ge Po"n—t— hal a Y\bl’\d n em S-Pace SVS vsS VS'%
trat defovmation vehads 4o the wedge point (itself).

Tkwﬁ)w, we can use the ﬁllowfwg vegion of Van-kampen:
M (s'v S2vSiv S = T(S)*m($*)~ m, (S =™ (S")
Z2>0*0"1 :

Z+Z ‘

Thus, 1, (X)=Z~Z. -

V\)

L]




