K.l) A *OPOIOEII"C&( fpace X s Said 1o be memzable

Some metrc on X, Deoes
basis 7 Prove ya(u’ asre

H 115 topology 15 genented by
every compact metmzrable Space X have a countalle
tion.
f: Recall et f X isa metniable spate, then

X second countable < X separable €5 X Lindé loff.

Let X be a compact metnzable space,

Compact Spaces are a/way; Lindélof¥.

Sinte X rs compact, x is Lindéloff.

In a metnzable Space X/ X s second countable © X s Lindéstf
Since X s metinzable andl [/h/é'/ofg we have +hat X 15 seconal
Countable.

Therefpre, every compact mefniable space X hao a countable basis
(/,e., 5 5‘&;;75( (oum‘a.é/e).

O




tonhnued .
@ Suppose g: X—Y & an open Guotient map- Prove that Y i Hausdorff «Ff and %
if the se+ M = {(x, %) 19(x) = qX:)3 (s closed in Xx X.

fﬁ'SquoSe Y 15 Hausdorf?.
We WS Hrat B= F(x, 1) q(k)=q0)} i€ dosed in X* K. )
We will do +as by Showing that X"X\?\:ﬂxuxlyéﬂx')¢ (i(x'z')} e i
Let (x., X,) € XxX\R.
Then q(x.), 4l e st q(x,)#q(/(z).
Since Y 15 Hausdorff and q(x) # 40, 3 open nbkds U of q(x:) ard
Vof 9(x.) st UNV=4.
Sinte q (s ¢t and UVeY ave open, we have that g (U) and q'(v)
are open in X.
Observe that ¥ eq (W) and x,€97'(v).
Let W:=q'(u)x q7'(v).
Clearly (X, X2) € ¢7'(U) x g7(v) =W
W 15 open Stnce if iS the product of two open sefs.
We WTS tihhat WNR=¢&:
Let (y,,Y2) € W=g"(U) x g7'(V).
Sinte Y. eq7'(U), we have @(y.)eu} WAV=¢, so gly) #4(y,)
Sihce Y2 €q7(V), we have g (y.)eV for all (4,y.) EW.
7}\crffa,-\ﬂ/ WANAR=£Z- _-open
Co we have (¥&; X,) €W £ XeXXR.
Thus, XxX \R vs open = R s dosed.
we conclude tinat €Y 15 Hausdorff, then tne set
F\‘—f(X.,Xz):‘L(Xl)‘%(Xl)} (Y closed in XxX.

'§uppoS'C A= f(&l Xz)l Q(’('): 1(’(:)3 (s closed n X %
wWe WTS that Y 15 Hausdo ™t : for gy, €Y (y,#Y2), 3 open nbhes
U of g, and Vof ¢ s UNV =4

Let y.,ljzé\/ st Yi# Y-
Gince g, 15 Surjechve, we know Ix,, X2 € Ast tt(x.)=y, and q(x2) =Y,

(90a) # q(xs) Since Y, #4s).
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20 We know Hdt (i, X R e X« X\R whith 1 open
Swn(ee K \S 0(05(,0(.' ; )ﬂl )"ey (X., Xz) X w | 4

Since. XxX\R s open, we have that (x,x:) € BE X*X\R, whert
B iS a basis element for the product fopology.
WE now tnat a basis fr the pmdc(d +opologY -

TUXV: ULV are open in XJ, 50 B=UxV whert UV are gpen " X It
Since (x,x.)€ B, we have that €W, %, €V wheve UV atof
InX from B. |
Sine@ g s open, we have Hhat Q(M) and c‘(\/) are optn n V.
Ovserve that g(x,) € q(U) and Q("xz)eql(v)
9 s

S0 Yo €q(W) and E]lé(t(V); e, 4(U) 1S an open nbhd of g, ard

‘L(V) IS an ofen nb bl ml’yz_‘

wWe wt$ that q(U) A g(Vv) =#-
Recall tnat u,\?m soon 15, B=U*V and g e Xx K\R, 5o
if (X, ¥) € B, then q(x,) # §(x2)-

Let y e qu)n gfV)-

Since yeq(u), Ix, €U st ct(x.):nﬂg ((x)=9(x:)=Y 4

Stnce g eq(v), 3 x,€V st ql:)=Y annothagpen 5
Inc L %5 L 3) B The
j A i de(ﬁgn%?’;; ot 6.p

Therehore, q(U)Nq V) =F.
Thus, for y.,ljley (\ju*%), 9 open nbirds %(u) anid q,(v\ st

(WyNqV)=g. A2%
\;1\/1(4 CﬂV\Zuolé’ Hrat if R=§lx¥a): 1(x,)=1(x1)} ¢ closed in X* X,

then ¥ s Hausdor¥. 2




' tontinued. |
@ Prove that a space X IS conhactible o and only i evety map £ XHN

an 4:’b/"h‘2tly Y , null-hemotopte.
PE: - Guppose £:X—Y, for an arbitry Y, s nulll-homofoprc
Let Y=X, so £: X=X 1 Wy X"’X) whidh 18 null-homotopic.
Therefore, X S contrachble.

*Suppose X 15 contachble.
wWe WTS that f: X=Y is null- homotopiC.
Since X 1§ contrachble, we have that idy: X X 15 hometoprc o
a ConStant map, Cx, -
Lot H: [0, 11x X = X be +he homotopy, So H(0, x) = 1dx (x)=X,
H(II X) ¥ Cx‘()() b P
Let H:[0,1]x X =Y be defined by At x)= (e H)(t x).
Observe that B 1S contnuous since 11's +he cormposition of
continuoul functions.
Observe that Fi(o,x)= £(H(, X)= f(x)
ard (1, x) = F(HU, )= F(x.) fixed.
Theretore, H 15 a homatopy between £ anol & cont fant waf-
Thus, every' map £ X=Y, for an arbitrary Y, 15 nill-homotoprc.
cl



ued. . .
Let X be the space obtained from R* by removing the crde
C= f(O,%l) ¢ fﬂi:yl* P L‘j, C,CWIPLd-f’ ’lT,(X).

Adlametexr

: [~
i A A °"€o( def. ret.
D 5t
> K

| are?
o ___a\\ /:“ def. ret. ‘
s sl ‘*@R iy

Stwith a

ondpornt of
the diamet¥”

L)

+o one pon
TV\WFOV‘G‘, we have Tr,(X) - Tf’, (S'IV S-'L) 5

L€‘f— = o‘tp re{. B 5 i e
u -Oe et =S o o dpite .
W s open, pati-connected. ﬂ(((,()=rr,($l)°0 oF e PRt

er vt o H= . e
C@ i 5SS s .v

(V)= (s) =1L

Vs open, paH\~mnn€C+ea[- M
Joserve that S'v §*= UUV-

= Jel. ret.
ANnv €@ eforek.
WAV 5 Fa%-annec{—(ﬁ/’ V\or\eﬂ\fﬁ}. T,
Since UNV 1S g“t'mpltj connected, we

Van-Kampen : 1, (S'v§*) = T(UVV) -
Therefore, M(X)=T (sivs*)=1Z.
Thus, rr,(X)=Z. .

(uav)=0.
can uSe the Followvvy vexrlon of
T WET (V) -0x2=Z.




(O;nt:f:—x.—’ Y be a covering map and Y be p:tﬂ:-connedm/ and (ccally N
Connected . Tf A< X 15 a paﬂ1 component of X, IS Pa- A=Y a wvenrg mag:
Prove your assertion ., Here Pa i€ obtained by restncting p on A.

Pf: Yes, pa 15 a covenrg mop-

Rest, we will p rove thatt P4 1S SMQ'Cch‘wg. : . i o
let yeY and aeA arbitrary. Sinte Y s path-Connecttd, theve (S a ¢

f from p(a) to y.

By the pa%—h‘?ﬁnﬂﬂ(&wm«, there ex;sts a 'ft Foff beginnirg at a.

By defn. of 'f, pet (V)= £(1) =Y.

So p carvies out the point F(1) to y. Since ¥ isa pathin X trad intergects
the path component A, F([0,) < A, so FO) EA.
- Arally, we need to show that eagh YeY has a Pq-tvenly coveree] nbhd.
Let UEY be any p-evenly covered nbkel of Y.

Since Y 15 locally path-connecred, theve exists a nbhol W of y Such that
wWei and W 1S path-connected.

Reealling Hrat an open subcet of a p-evenly Covered nbhol
Covfr(’d’ we conclude tHrat W i r—ovenl}/ covered.

Brally, we will show tnott W e Pa-evenly covereo as well.
We know trat p(w) =°((£I‘/o< Wheve the Vy are gpen, painwire
dl‘S‘Jou’f\*, ard p:Vy—> W 5 a homeomovphispnm arol I 15 Some ‘nolex set.
In particul ar, ths meane eath Ve 18 path-connected because W
(s path-Connected. Notice 4rat p;

1S F’ﬂ/ﬂﬂly

(W= ' tW) A= UVanA.

aex

Sinte A s a Path-tomponent anol V, 1 path-connected,
V,( nA = Vd oy V‘,(I)A :ﬂ.

T e define T= Tae TV NA=VoY, tnam pr
2 > A
Therefore,

we See either

(W)= () Vu.

KET

FA S a Co"(’m'ry mag.



ued--.
A fDPOIoﬁ'aj space X (s Said 1t be nor : ‘

A maf £/t 5 Hauft(or#a/\ﬂ(ﬁ)’ 31/&3/ air of
d/-{jO)n-'L 0{0554 Sb(bf(ﬁ /4, B é X) ﬁm CXo'S'f dlqjc’/n-’- OFM Sl(bff'f's M.CQ_X

Suoh +M+ AU and BV Prove that if X 15 compact and Hausdort?,
Then X 15 normal.

P Let A, B X be digjoint closed sabsets of X.

WE WTS that 3 opem nbhads U of A and Vof B st UNV=4.

' for every a€eA arol beB, Joptn nblds Uof a and Vof b s.t.
UNV =¢ because K 1s Hausdord¥

"R xeX and AS X dosed ¢t x¢A.
v each a€A, we have open nbhds U, of X and Ny of a ST
Un NV = .
Observe that A s ompart since it 1S a closed subset of a compack space.
Since A 1S compact; we hawe Hhat for a given open (svex
iva: aE A7g’ Hewe 15 a finite suboover fva; LA ER; 12iend.

sl V:ipva; anel usﬁ u‘ﬂ'
=1 =0

Observe 4hat V#g ble A<V and U?F blc X €U,
bitranly many open sets

¢ the union of ar
Y';Ieo(?&lf’lo) m ﬂtpi‘sb7£?hgblﬁh/'%€ inteceltion ofapem SefT ik apeZ?M
So we have that U an open nbid of xe X and Vis an open n
of AcX st UNV=g blc UgNV =g acA.
Thevehore, X 18 regular.
“For each aeA, we have open nbhdS U of a ard V, of B st
Ua NV, = # because X s reqular.
Dbserve that A 15 cpt since it is a closed sulbstt of acpt Space. o
Since A 1s cpt, we havt thad for a given optn Ve TUa: AEAS,

there s a finte Subover Tl - M EAYSIENS.
Let U= Gua; and V=1 Va;.

userve Aat Ut ¢ ble ACU and V7¢ ble beV where be, (<Y
We also have that y s open (wnion of arb. open sets) and Vis open (Fnite

intercection of ppen Sefs).
So WS an open PV\\oM of A and V g an open nbhd of B sE UNV=0.
bIC uq(\\/a:ﬁ Va€eA.

Therefore, K s normal. .
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