Togolgaﬂ HW 1
() Let A and B denote subsets of a 4opolegical space X. Prve +hat
AUB = AUB.

ff At we will Show that AVB £ AUB.
Obsave that A< AUBS AUB, SO AUB 15 a dosed set tontaining A,
Note Lﬁi’" A 5 the smallest closed Set containirg A) So wt have that
- o
A S AUB.
Likewise, observe that B< AUB<AUVE, s
containirg B. Observe that B s the smalle
we hard that B<S AUB.
Therefore, AVE < AVB.

o AUB 15 a cloced get
st clpsed set containing B, so

Now we will Show +hot AUBD CAUB.
we will Shaw tikis by provied that F X

Guppose X¢ AUB.

If x¢A, then J an opon nb
TE x¢ B, then Jon open nbhd Vof x st VOBE= 4

Observe that WNV s open Gince the Anite ntersechon of open cets 1S
open . We also have that WAV #@ Since X €UNV.

So UAV 1§ an open nbhd of X.
Observe that (u(\v)n(AuB)=;a’ since WAV €U and UNnA=¢
UNVEV and VNE=F:

pen nblﬂo‘ of x +Hrat 1S

dAVE, then x¢ AUB.

hd Uof x st UNA=&

Tnerefore, X€ AUB becoule we have an o
dl‘SJO\ml froom AVB.

Thus, AUB <€ AUB.
we eandude that AU - AUVE.




Conhnued.- R - "
@ Let (RI be the set'of real numbers associated with the topology given by +th
basis B = {la,b), A<b, a,b €QY. Determine the closuve of the subsets (1,4Z)

and (‘ﬁ:, 3) n Rz
Pf.o Rt we will determine the closure of (1,42) in 1.
Observe that (1,4z) ¢ (1,42)-

- T x<1, then an open nbid of x 17 [4(1), where ae @, a% X
Notice that [a,DN(,AZ)=g.

Therefore, every x <1 (€ not in TN

- T X>dZ, then an open nbhd of x 1 [a,b), wheve abER,
12<a<x<b. Notce that (I, dZ)N(a,b)=¢
Therebore, every X >AZ 1S not in (1,47)-

“If X=1, den anopen nbhal of x s [a,b), where ab € @, a< x<b.
Notice that [a, YN (LAZ) = (1,¢)# B, where ¢=min1b 423,
Therefore, X=1 s in (1,4z).

CIf X=AZ, then an open nbhd of X 1 [a,b), whert a,be®,a< K< b,
Notice +hat (1,4Z)0N [a.b):__(_g_,ﬁ)iﬁ, wherne ¢=moxii, a}

Therehre, x=AZ it W (1,4Z).
Thul, we conclude that (-l_._ﬁ) 3 [n,ﬁ} m Ry
- Now we will detevnine the dosure of (42,2) in ..
Observe that (4Z,3) ¢ (ﬁ—_,?)
« If X<d2,then an open nbhol of x ¢ [a,b)‘chxt a,bEDQ, acx<b Az .

Nohce trat [a,b) A (¥Z,3) = 4.
Thevefore, eveny X<AZ s notin (i2,3).

"T6 X 73, then an open nbhd of x 1§ [3.b),where be®, 3¢ x<b.
Nohte that (42,2)N[3 ) =4
Thorebore, very x>3 1s not in (42,3). g

If X=AZ, then an open nbhd of X 15 [a,k), where 4 LER, a<X<b.

at [a,b) N (A7, 3) = (TZ,¢) # §, where C= il

Notice t Ve fodk
= s tn (d2,3).
Thorehort, X=AZ S in (2] [a,b), where 8,0 €®, ag3<b.

- I X*3, then an optn N

Notce that (42,3) 0 [a,b) # ¢ f d2¢ac3.

Thorefove, X=3 16 nok i (433)-
3) in Ry.

Thus, we conclude that (42,2) [z,




ed. ' T
! Recall that a space X is fist countable f for eath X€ X, there 15 & countalle
collection Oy of open Sets containing X such Hat whenevex U 15 an open Set

Containing x , there exists some Ve Such that Vel
L“_X be a fist countable topological space and xe X and A€ X. Prove +rat
X€A 1f and only i there ¢xists a Séquence of points in A converging o

x in X.
PE - Suppose there exists a Sequence of pornts 1" A topvergivg 1o X 10 "
o0 ’

24 LEe el st MWK
wWe WTs that xe/—\, ie., that every nbhd of X \ntersects A.
Let U be an open nbhol of x. Then thert exists N€IN s+ forall n2nN
we hare X, € U. Therefore, UNA 7 @ (because Xn €A for nZN)
Therefove, X € A.

-Suppose trat XEA.

et O =V} be a local nbbel basic at x. ‘

we want to conShuct a Sequence 1 A +4rat converges fo x 0 X

Observe that V\NAZ &, .. VaNA?F forall neN since -y

Let X, EVINAZZ, X2 e LNAEE) xné‘Jnf’iAf;?"'_

We know that each A VinA#g@ because each f%lv’ 'S a nbhd of X,
=1

1 d 14
ot mast infersecé A, Therefore, we have a sequence T3y, €A
T+ remains to Show +Hrat X, X.
et (A be an cpén nbhd of X. »
Them since X rs frs+ countable, we il it SXEEE Gitad Y E IV

Por Some NEMN St Yy U.

If nxn, then Xa€V, N+ MVa €V Ny cU.

We have Hhat for all nbhals U of x, there exists NeN s+ n2N
implies Xn €U

There fore, we hoave constructed o sequence {xa3,, of pomts n A trat

45 X € X.
canVageg o XEX 4




Cconhnued. ..
@) Prove or disprove the fllowing Statements,

(1) Let X be a tvpologicad Space and C € X be a closed subset: Then C i
o the closure of 1S intenor; 1.e, C = intC.

B This Statement (s false.
Let X =R ard conSider the standard Topalogg.

Let C=fotc X. A s.‘p.gle point 5 o cloced subset v X, so C 1S closed.,
Observe that int( = intio} =&, and intC " g=g
Tlﬂmﬁm?‘ we have C=713# & = wntC.

e

a

(I'l') The countable C"/ICC‘I'?ZW\ B-= {(a,b)', a< fo) a, bé@} 1S a basis that 3e,nem1'cf

the standard '(‘opoloyy on the real Ine R.
H Aot we will proye that B (S a basis: for all X€R, for all nebof U of x,

theve exists ByeB st xeByx < U.
Atcall that the basis of the Stardard +opology 1s composed of all open

intervals on +he real line R. The elementt of the stardord topelogy

are just open sets.
‘Let xeMR ard let U be an open nbhol of x.
Since U 1S open, it must eentain an open interval, say (a,LJ),a,beR,ado

So xe(a,by<ll. |
Since @ 1s dense in R, we Erow there exists a bews element
(c,dVeB st qde® ond asc<d<b, s x elc,d)c(ab)cUd.

Since x arol U were orbitanly dhpcen, we have Hat B 1s Inolecol

a bass for K.
we have Shown Hut the ﬂpalogtj generated by B 15 lager than or

equal to the Standard topolegy, so 1+ remnams fo chow 4rat B S

Conmm(p( in the Shndﬂld ‘(’opologg.
Evuy open set s contained in the Standard topology.
is contained 1n the Stanolard topalogy because B 1S

Therefore, B
umpOSeo( 0‘( open intervals whiolh are open cos. r




ued.

(1) Let X beaset and (et T=fuUc Xy X\U 1S Ainite JU LS. Show that T 15
a topology - We call (X, T) +he cofinite topology of X.
P{

- Qvserve that ge T by defin,tan of T.

We also have that XeT because X€X st X\X =g 15 finite.

- We WTS +hat the union of arbitrarily many open sefs 1f cntuined vn T.
Let ivdinACT- So X\V, 1S fnite J&W (’:";'f"" «€A. Then
X\ V< ’,,ﬂ(x\\/.() c X\Ve 15 hnite sine each X\Va 15 finite.

Therefore, UA V, eT.
KE
- \We WTS that the finte intersechon of open SeAs i¢ contmined wn T.
Let V.,, ' O - T. So X\V; € finite fov every 1¢1ém. Then

X\ ( /TV;) B O (X\V;B s Anite since the Gnite unvon of Anite seds 1
=l =) &

Anite. TV\U‘(‘FOWC/ '\O\ Vi € C.
* Thus, we have shown Hhat T 15 a topology. a

(W) Let T be the cohnte topology on the et Z of integes. Show that the Séquence
§ % e ¥ of posihve integes converges o every point o Zin (7, T}

pf: we WTS Anat there exists k suth that wery integer greater than

ks wn U.
Take neZ arbivary. Let U be an arbitmny nbhd of ny U € T.

Then X\U 18 finite.
Since X\U 1S finite, X\U must hove a maximum element M st evexy

integer gr‘ta‘f&\( than M 15 in U
There fore, the tai|end of tne Cequence 1S contained n U, re, X1

we can oo ths for all integess since nwas choSen arbitanly.
0




| conhnued. .. e =
A +opological space X 15 called metzable f the topology s the mefnc “topology

assodiated with Some metne on X.

(i) Show that a memtable topelegical space X 5 HausdocFf 5 Hhet 15, fov any elishnct
two points x and y of X, there are open sets U and V such that x U andd
yeV and UNV=g.

Pf. Let (X, d) be a metnzable space, whert o (s the metnc.

we W15 +that (X,d) s Hausdor ££.

Let Xo,Yo € X st Ko # Yoo
Let K be an open nbhd of x st U=xe X: 0‘0(,"»)“‘11‘0‘()‘-;9")3

Let V be anopen nbhd of x st V- iqje)(' d(y,Y.) < -‘z-d(x.,gn)}
we wis that UNV=4¢.

ASsume 3 2 € UNV, Thea d(X,,2) <7 d(X,Ye) ard
AYe,2) ¢ S d (%, Ys).

Observe Hrat dAlxyYo) £ d(X, 2)+d(Ye,2) < AXe,Ye), 5o we bove

that d(x.,‘j.,)< o((x,,sj,), 7 contvaodichan Since d(xo,y;’)=d(xc,,:jh).

Therefore, UNV = 4.

Thus, we have chown thadt for any Xo Yo €X (xo ¥ Y.), 3 open sets

U of x, ard V of Y. st U/\pr!/ e, (X, d) s Haurderf¥.
ol

G Let X be an infinite Set with the cefinite topelegy T. Show tht (X,T) 15 hot HausderA¥

Conclude that (X, T) 15 net mefeable

Hf: Suppose +Hrat (X,T) 18 HausdoH¥. . .
Then for any dishnct X,y €X, thert exist open nbhds U ot x or
Vof y st UNV=4g.

e have Hhat X\WU, X\V are finte.

Sinte U,V are open”
2 WU,V a‘re wnhnite &m(e ¥ s infinte and X\U, X\V are wae)_
I

Sinte WAV = ¢, we have Hat U <€X\V and V< X\U. f
Contradichen, because an infinite set cannst be a Subset of or

C@uﬁ( b a fnite set.

Therefore, we condude that (X, ) & not Hausdocf¥. .




