Tofology HW 2

() Let £, 42 X =Y be conhnuous map from a +topological space X to a Hausdocff
Space Y.
(V) Show Hat +he set of points {xeX: f1(x) =£.0)0F 15 & clesed e+t
PE Let A=fxe X: f,(0)=£,0x)] we WTS +hat A 15 closed.
we witl do ths bg Chowirng that X\A={rxeX:fi(x)? “z(”“)} W ofen.
Let xe X\A. Then £(x), ()€Y st. £,0) ¥ {2(x).
Since Y s Hausdortf ard £,(x)# £20x), we have thrat there exist opem
nbhds U of £(x) and V of £,(x) st UNV=£Z.
Stace £, f, are continuwous and U,V are open in Y, we have that
£7(u) and £;'(v) are open in K.
Observe that xe{(U) and xe£.7(V).
Let W’:\(‘,"(M)Of;'(v), So XeW # 4 e, Wis nonempty.
W 15 opén Since the finite intersechon of open cets s open
We have that W s an open nbhd of X.
wWe WTS that WNA=¢.
et yef"W)nf(v)=w.
Since 34;'((4) = I.(y)éu\% but UNV=¢
Since Ye£' (V)= £,(y)ev ) *° fity) # fily) Vyew.
Therehore, WA A =@ — open
Thus, we have xeW<s X\A.

We conchude +Hat X\A is opem = A s dlosed.

(1)) Tf +there exists a dense subset D of X suCh that £,(x) =£2(x) for all
XD, then £0)=£.(x) on X.
Pf: pecall taat f DEX 1S dense, then D=X.
We WTS that £ X)) ¥ xeD=X.
oM Parf (), we have +hoat A= {xe X § (x) = )Y s closed,
Dbcexve trat A confaint a dense subset D) so DEA<S X.
If D 15 denft in X anel A 15 dosed in X, then A= XK.

Therefore, £, ()= 00 ¥V xeX. -




Continued. .

@ Let X and Y be fopolog-‘cal spaces, and Y HausdocFf. Let A< X be a nom
Set. Suppese that £ 4 =Y ¢ conhnuous, where A S eq,weFCo/ with +he
subspace topology. Prove that f theve § a conhnueus extension of £ to 4

them the extengion 1's ungue.
PL: A condinuous extension of £ 46 A 15 a coninuoul function g on A Such
that its restachon 1o A ¢ equal 4o £ e, :A2Y st gl,=f: A7,
* ASsume that +he conhnuous extension of £ 40 A 15 not unique, e
there exist conhnuoul extenSions 3”31’/_\‘_’\/ of f to A such +hat

9"/\: 3"‘A:{'

Let xeA st 9,(x) #9.(x).

(Observe that whom xe A then 9,(x)= 9, (<) = £(x) Since gil,- 9,1a= F.)
Since Y s Hausdor#f ard g, (x) # §ulx), we have that there
exist open nbbols U of 9,() and V of g, (x) st UNV =4
Since g,,g, are conhnuonl and U,V are open in Y, we have trat
j."(u) and g;’(v) are open in A.

Observt that xej,"(Ul) ardl xey;'(v).

Let W:= g (U) Ng;'(V). So XeW e, Wis nonempty.
W S open Since the Ainite intersechon of open cets i open.

ObServe that W & an open nblol of x, and x€ A
Since xe/T, we have that ow,fy open nbhd of x must intersect A,
Let ye g (Wng; (V)= w.

Sinte yeg'(u) = g,ly) e(ﬂJ Unv=4¢g

SMLe ye 3;'(\/) = 31(3) £V}, 5o g,(lj)?‘—' ﬂz(fj) Yyew.

This means that WNA =g Since of YyeA, then 9:(y)=9.(y). ?
This 15 a contvadiction 4o x bu"ﬂ a limit pornt,

Thevebore, f tneve 1S a conhnusus extension of £ to A, then
the extension 15 unigue. ”




‘r\u(d,.
E‘* X=1(x,y)e R*) y=* (. Define M 1o be the quohent of X by +he
€quivalence relation gmern{'eo( by (x,l)’”(X,—ﬂ fov all x#0. Show Hwat
M 5 not HaugdovFf.

Pl Let q Y= X[w=M be the oluﬁ\cm mag.
Cownsider (o,1), (0,"1) €M
We WTS trat eneny open nbhd of (0,1) intertects with eveny optm
nbhd of (0,-\), 16, M s not Hausdocff.
Lt UEM be an open nbhd of (0,1).
Since g 1S confinueus and U 1c open, we have that q ' (U) (5 open in X.
We krow that (o, ‘\)EQJ(M\), andd Since q'(U) 15 open, we have
(0,) € T(x,1): Ixl<ad € g (W) Ty, g'(u) s closed undler the
and f(x,-0):0<Ixl<af =q7'(U) . equivalence velation
Let VEM be an open nbhd of (0,-1). ‘
Since g 15 continuous and V 1x open wWe have Hrat q'"‘("J) IS opén n X
we krnow +Hhad (0,-1) GQ'((V), andd Since ({"'(\/‘) (s open, we have
(0,-1) € $0%, -t Ix1< b} g (V) 1§ ble q7(V) 1€ closed under dae
onrd i(‘ﬁ 03 0<ixl« ‘t:} [s ‘l'#(v) tavuwai,',we el
let 0 <c < minia,bs.
Then (1) € ¢ (W) A q'(V) - g '(Unv).
¥ Uav =4, then q'(UNV)=q'(g) =%
Since (1) € 47 (UAV), we have trat g (UNV)# £ 5o ANV H 4.

Therehore, we have shown that enery opem nblkd of (0,1)
intersec+s with &v&vy open nbhel of (@’-_,).

Thus, M 1S nat Hausdorff.



confinued. -

@) Let RIP" be the real projective ghaam space , 1.€, the quotient space of R™'\ 1o}
under the equivalence relation: (Xoyouiy XnY ~ (Yo, iy Yn)

(Xepooy Kn) = XY,y Yo) For some A€ R Prove Hhat the quotient mad

a: R\ fo} — RIP" 1s apen.

PE. We wis that if UE R™ \T0} it open, then g(ut) & RIP s open.
Since 9, 5 a quohaﬁ mag, we Know trat ‘l“")& RIP" s open
ff {'(1((}))5 A\ {0} < open.

Therefore, to Show that (U) 15 open in IRPP", it sufhces s Show
that ({'(q(u)) IS open In n%""‘\io}

‘Llet u ¢ B \103 be open.

Let XE€ q’"(q(u‘»‘) (whexe X does ot nccesyanfy need fo be 1n u).
We WTS 4rat for xeq:'(q(u\))’ 3 an open nbhd V of x si. xeVe q (g(v)
Sinte X¢€ f{'(‘i(u)), we have that a,(x) € @(U)-

This means that there mutt be yell st oL(y)nl()().

Then X~Y,ve, Y= 2Ax for some AER, A+0.

Since U 1S open and yeU, we have yeB < U, whert B fan open
ball mumi lj (So (j: AXGB),

We can rewnte y=2x as X = xY-

So x& 5 B=2" B, whith & open becaure mutheplying by a scalar is
o homeomorphism , and homeo.S <end open CEAS fo open ceds.
Observe that [5:beBi€38 = beq (q(u))

L ik : docefl_;rder equiv. relation.
So A€9 (q(U)) Vet = xexB <4 (q(U) (where 4B «wopen)
contain$ everythirg related ~ to b

There fore, q"'(gq (W) opem 10 BT\ S0t

Thus, 1(u) IS open ' AP s .

We conclude that g s open e, f U< K \fo§ ¢ open, then

CL(M) < RIP™ 1'S open.




hued.
%&ﬁ g i P e ek o g et
e \am (€ "Sup{d(x,y);x,y‘efj.Show Hot the metnc space
my ete (f and only if the ﬁ)“DW\rg PWPGHH halds:
For any sequence fEk}:’:, of closed nonempty subsefs of M S“m‘sﬂj‘-,\e
Evt) € Ex for all k21, and li,"}nd'a’"(e“) =0, the set ﬁ'e.‘ consists of

precisely ene peint:
’(_i‘Supposc that (M,ol) 1S o complete mene Space.
We WTS that !F\" £, Contarns exacty one po!"f‘f (E '*“Q‘tu)
- At we will Show thad Z\:‘En ha< at most one po\-ﬂ (umnvuwﬂff).
Assume I X, Y€ E st x,yare distinct: Then d(x,4) 7 0.
We have that diam (€,) 2 dix,y) ¥ because x,y e Ey Y k2l
S0 O=lLim dn‘m(Eg)Ed(x,3)>0. f contradlichon bfec W/,g)v 0.

ST
oo

Tkmﬁ:m’ {:\‘Ek mus+ contmin at moSt oné pom+.
‘Now we will Show that N Ex hat at least one pornt (eistence).
Completeness implies thrat x&;mj Cauchy Sequence convexges-

we Waﬂtﬁ) construct a (auchy sequence o f paints.

Let TKeS_ be any sequence with g€ By

Ax £>0. Let N be such ot diam(Ep) <€ YV e>NEMN.

Let i, j €N st 1>]. Then the nested condrhon tells ul Hrat
EicE;, S0 %, xJ-eEJ-_

o we havt that d(x;)XJ)g diam (E;) < & ag long at j>N.

for (,j>N, min(i)) >N implied dlxi, Xjl< £,

Therefore, fxﬁ:)s a (authy Sequencl.

Since fX:}‘:-.n s a (authy uq(qgn(e, we have that X X for Some
xeX because (M, d) s complete. We WTS that x€E.

Obsexve trat E.: {XK}Z, < E,) so closedness of €, tells usr x €€,

o2
En: 1XSy=n € En, &'_"\:‘w Xe = %,50 X€EA by docedlresr.

There fore, X€ En Y imphes that xe E-

Thus, Sin(e f\o Ex Contming &t most ard at-least one pont, it must
=1

onsist of preasely one pornt:
=




anhinued. -

SuppoSc the giren poperty in the pioblem staterment halds.
We WTS that (M, d) is complete.

let {x,.$,., bean arbitrary Cauchy sequence (M, d).
Define EK:=fxn‘.n2k},

Observe tnat each Ex 1€ cdosed, nonempty, avel Eyy < Ey.
To theck the diameter cordition, fix €>0.

let N be such that nm> N implies d(Xn,Xm) < E (hewe vt ufe tne
Cauchy property).

Then d'ﬂM(E,,) dramn ({xn:nzNY)- - sug ol Xo) < 3 £ <€, where we have
used the fack that a set and is clo.rurc have the same diamefer.
(diam (€,) - 0)

Since We have cheeked all the tonditions, the given property ells us
that n Ex ¢ & one-point Set.

let n Ek Kt we wont t dherk Haat X X

Ax £>0. The ball B(X, €2) 15 a nbhd of x; since X €Ey, B(x, &2)
intergects {X,:n2 ki for every K.

Choose N large mougk Haat d(Xn, Xm) € E/2 Whentwrer nom >N.
Let+ k>N be any ndex Surh that x, € B(x, &2).

Now (f j>N i§ arbitrary, we see

d(X,%)) £ dix, xe) +d(x, x;) < £

E =
-—i‘i’z- E-
BB,

So 6()(,%) contains a +ail end

the sequence. Hence Xa— x.
Therefore, (M, d) is complete.



Mued. .

5& X be q ﬂpoloau‘cw{ Space .

(1) Show +hat f X (¢ compact Hausdordf, then X 1€ nevmal.

H: Let E,E, € X be digjoint cloced subcets of X .

WE WTS that 3 gpen nbkds Uof Eiand Vol €, st UNy-=p.

" Observt tpat Ry every x€E, and y €€, 3 opem nbhds (A of X ard
Vofly st UAV=¢ because X 15 Hausdorf¥.

"Now fix xeX ard € € X closed st XEE,.

hor each YEE,, we have open nbhds Uy of X ard Vy of y St Uy NV, - .
Obserye that E, 1S compact since it (s a closed subset of a compact space.
since £, § compact, we have thad for a given op en cover fVy: g €€,
Theve 1€ a Bnite Subcaver nyi: Y €&, 1¢ 23
Let V= U Vy, ard u=f\.u,;.

et
Observe that V¢ because LV, and U# g ble xeU.
We also have that V£ of en blc the unlon O«Pa(bmplj mony open ol
iS open, and U s open bie the fnite intersection of open sets is apen:
Se we have that (A € an open nbhd of x avd Vis anopen nbhd L E:
3 MAV:¢ blc MU/\V3=¢’ Vf/éEv
Therefore, we have Chawn Hhat X 1§ regular.
- For cach xe E,, we have opon nbhals Uy of x oand Yy of E, st
Ux NV, =g because X s regular.
Dysexrve trat E, 1S compaof since 1t 1S & closed Subsef of a orpast Space.
Since E, 1< ompact, we have that fov a given open cover fU,: xe€3,
there s a fnite subover {Ux:xi €€ 1¢i¢n].
Let (=Uly arnd V=V
it 5t
observt trat “*ﬂ bic £,€U and V#@ blc yev whmygﬁl (€, V).
we also have that (1 (s open bic the tnion of arbrhanly mawny open sets is
open, and V1S optm bje the finite inteeckon of open cefs < opert.
So U is an open nbhd of E, and V15 an open nbhd of Ea st UNV =

blc U, NVx=g VxeEr

Therefore, o X (s ompact Hausdorf¥, then X s normal. o




Cenhvued. .

(i) Tn class we proved that if X (s seerd countable and regular, +hen (t 1§ norenal.
ASsume row X (s Secound countable and Haugdor€f. Is it true that X 1§ noroal?
Prve ths Statement (f Hue, otherwise, provide a cunterexample.

tf Consider Re.

et B=1(a,b), (a,b)\K} be a basis for Ry, where K= f—}‘:nelb}.
Observe Hrat B with ab €Q s countable basis (cimilar 4o the agum&ﬁ
that T(a,b) a,b€@) firms a basic of B). So MRy 15 Secord Counthible.
‘Let x,y € Re st x#y. Then there eriSt open nbbds Uof x ard
Vof y st. UNV=£.

Let XY € MR st xty. We have Hat Rg s Hausdor(f, <o 3 open nbhdls U of x
and Voft{ ¢t UNV=4.

Since [, containg more open sets tran R, we havt that IR, 15
Hausdorff Since Rs K.

Tnerefore, R, 'S Second countable and Housdorff.

"It suffices 4o Show that By s rot regular.
wWe WTS that 3 xeRe ard a dored et E € Rie st eveny open nbbod
U of X ard V containing E have WAV +g.
Let x=0€ Re and let E=K.
To Shew Hat E=K 1S q_oged n ﬁr, we will Shaw ot R\ K 1 open.
Observe that R\K= (} (vn,n)\K, so E=K 1S closed.
Let U be an optn nb'l:ol'm? 0 ard V an open nbhd of E.
Thenn B, (0)\K S WU.
U corrtaing Some arbrimanly small wratioval.
E containt w» forsome neZt st %< L
V condarns an wwratiorad number & < Ve 3
So & B (O)\KF EcUNY.

There bore, UNV# & = X 1S notregular.
Thus, X 1S net noveal.




