Trvtegy HW3
O Let A= T y)ER: X €@,y @Y B~ {(xy) ER™ at (eastone of X1y 15 mtional$.
Ts the space R*VA connected ? IS the Space RZ\B connected ? Prove your assections.
Pl Arst we will show Hat B*\A 15 connected.
Observe Hat R*\A consists of tordinates (x,j)éﬂz where tiihe
X,Y are ir@tional or exactly one of x,y ¢ ratioral.
Let (x,9), (w,2) € R\A.
Then erther X or g is itrationad ard eher W or 2 1 iivatioral.
WLDG' cuppose X 13 ivratigral- :
INE WTS theve exists a path fom (x,y) 4o (w2) trat avaids A.
Since x 1§ tmtional, there exists a Sfﬂll‘kah'f' line Fo.% foom (%,4) o
(x,u) wheve u ($ irratioral ‘
If w s wrahonal, then Hhere exsts a shaght line padth fomn (x,u)
o (w,un), and then a staight line path from (w,u) to (w,2).
IF 2 15 itatoral, thew there exists a straght hine pothh fom (%,4) %o
(x,2), ard +hew a Straight liee pati foom (x,2) o (vh2).
Therefore, we an ConShuet o patia between any two ponts in R*\A.
Thus, R2\A 1s path-cornected = B*\ A 15 connected.

Y beoth

‘Now we will Show tret BE\B 15 not connected.
Observt tha+ [R*\B censists of ceordinates (x,y)éf‘?z where both X,y

are rratiorad.
Notice that R*\B- {(x,9) € R*\B: x<0fu i(x,y)€ B*\B X >0f since tnere

IS no point of tne foxm (0,b), beR, because 0 1s ratoral.

We have that $(x,4)€ R \B:x<o}=:U ond f(xyg)eR*\B:X>0f=:v
are nonemety, open, and oigjont (re. UNV =g).

Therefpre, B*\B= LUV 15 a separation of R*\B.

Thus, R*\B 1§ not connected.




" conhnued. -

@ Let RIP? be the real projechve plane, that i€, the topelagioal Space of ineg in R3 :
passing through the origin. One cnshuetion of RIP* 15 ar a guohient Space of 4 S
unit Sphere "S*= §(x,Y, )€ M3 x2ayt+ 2*=1F wrth the Subspace topology, ;
obtained by identfying anthpodal points. Prove that RIP? 1S compact H““S"“\GH,
and that every point in RIP% has a nbhd homeomorphic to the open unit ball in IR

ey q: S*— RP* be the quohmf mag.

First we will Show that RIP? s compatt. 3
We tnow that S (S clesed anol bourdesl asa subset of (R, therehove,

S 1t Compacf. Sinte Hae Conhnuous \'ma,fw of a cormeatt space (S
Compact, we havt that g(c*) i compalt.
Since g 1S a guohent mya(, it 15 surjechve, So we also Frow that
9(s*) - RIP: Therebove, RIP* i compact.
*Notice that 9 'S an open mag.
To See +iais, notice Ahat f U S open, then ol"(%(u"))w( U(-U), ard the
anhpode map 15 a homeomorphism of 51) so -U 1S apen. > UU(-U) 15 apén.
Hene, q"(«l(u)) 'S open, so by defn. of a quohent map, 4(U) (s open.
To Show +hat RP* (s Hausdord¥, let (<, [y] be distint points of R~
Let r= min{d(x,y) /4, dix,~y)/4, 4},
Then the Four sets Blx,r), By, 1), B(-x,0), BEY 1) are disjomnt.
If two of the balls intersect ot a point 2, this immediately implies +he
distance between their cented s at most 2r, but 2r s le2s Hran 4he
drstance between any of their (entexs by our chaice of r.
Thit means that ne point of B(X\r) is even related to a point of Bly,r).
T other words, i€ 2€B(X,r),then q(2)& ¢(B(y,0)).
Thes 3mm~%ees Hat cL(B(x,r» 15 digjoint from q4(Bly,r)).
Since q 1S an open mag, we hare that q(g(x,r\\ ord q(f[y,r)) are open.

Therefore, IIP? 15 Hausdor{.
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tfix- Y be a conhnuwous and mjechive map between topological spaces X ard
Prove that o X (s compact and Y is Hausdor#f, +hen £ 15 an embedding.

X { y fi o - 3 I~ P % g :
JINE WE & ?’”’"' that €15 conhinuous and inj chive , it su€bces to

Show thet £ 15 a closed map.
Let K< X be clysed.
A tlosed Subset of a compact space is compact
Sin ¥ if corapact
HACE K 13 do'"“{; X 1 compact, ard K€ X, wt have that K 1S cemnp
The conhinuous image ofF a Cermpact Space © cornpact.
Sinee £ 1S continuous and K ic compatd, we have that LK) ¥ is compact.
A ompact subsef of a Hausdodf space i closed.
~ ' r \ - | z 7 " = ; z & ) ) "
Jin(e +(V,‘ 12 Cl)'f'a‘,}.jc—gl Y Hausdo {t_" ard f{V)C ./) e Lﬂ/ ot r(y) e
closeo 1n Y.

{ \ \ ., als _‘_’ "
Therefore, ¥ K 18 closed in X, Hhen €0K) 17 closed in Y.
So we have that € 1S a dhosed mag.
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wed.
£ 2
Let B={xeM ) Ixl< l}, Let f{:k} be a Sequence of conhnuous funchons on B

SO\‘HS@H\& fgg [ ()] +)f:;qp \ﬂ:(x)'h(ﬂ)l 20 for seme posihve constant C.
xyeb  |x-yl"*

Show +hat +ere i< a Subsequence of 1f.3 Convergent uniformly on B to o

H"‘"C‘h'd"\ %) and ﬁ IS Genhnuous on B.

(. Recall the Pollawmg version of Artela-Ascli

Theovem: Let X be a corpatt metnc SPace ardl 19,3 a sequencte trat 15
wniformly bourded and uniformly equiconhnuous. Then thest

EXiStS a fubfﬁiuﬂn(ﬁ fgn.(i such that n, wnverges undformly.

"Notice that the arsumphons Hhat we've been given \n this pooblem
nr\nphj +hat

(1) The Famhj i ke N s untformly bourded

(2) The Ca_m«i-j 1 ke N? 'S unehrwi\j eq i conhnuaAs.

(3) Each fg IS ur\lﬁ){n(j centhnuoul on B

We can almost apply Arptla-Asili, except trat B s
metne Space. Howener, if we let D denote the do
mll condition (3) Say< Hoat eath fie 1§ uniformly conhnugus on E,

rot a compact
red unit ball »

a dense Subset of D.

‘Recall the Fol(owy\ﬂ extension theorenn:

.
[Thesrem: Let X,¥ be metnic spaces with Y complete. D
Subred of X ard £ D=V s uniformly oNfinuous, then £ has a

co nhnuousd extensSion to X.

a denie

“This thearem impliet that eath f, extends +o a conhnuouf funchon
?, D— R. (onhnuity of each T imphes Hrot the eShmate
sup | F, ()] + suP 15 0)-FDl 2 ¢ holdls.
XED x’:;éfb |X'3lm
nditions (1) and (2) still hold with T in place of £, ard D
actually isa compact metnc space, So ArzelaAsoli gives us a subseq.
f., that converges aniformly to a limit funchan F:D= R. Notice that

£ = - F(X)| £ 51 (x)-

sug |fn, () FO] = Sup | o, () - FOX)L£ S0P [, () - FOO = 0.
So fn, Converges uniformly to 4:= Flg. The uniform limit of conhinuous
Punchons (S Gonhnaous, So g is comhnuous.

Hence (»
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Continued. ..
Let Mats(R) be the set of 3x3 matnies with the topelogy otained by vegardin

Maks (R) as R Let S0(3)=fA€Mat,(R))A'A =13)d¢+(A)f1},where AT
denctes +he trancpose of A, and Iy s the 3x3 dentty matix.

(1) Show +hat SO(3) (s compact.
ff: By Heine - Borel it suffices to show SO(3) 1S closed ard bourded.

To Show closedpess, notice that the maf y=MAfx(m‘*M“3(m defined
by 9(A\=A’A s conhnuoul, So g"{il,}) vc closed ( becowse one-pornt
sets are closed mn RY). |

Similarly , the Aetermnont map 1€ cantinuents, 5 fAEMmaty () olet(A)- 't
¢ closed. Hence, therr intersechon, $0(2), (€ a elosed set. g
(50(3)-= ‘3-‘”13}\)/\ d(-f_'{f‘li’) — closed as the int of cloced sets)

To see boundeolness, notice trat

b d
(é‘e E)(:;‘e RH;:’ g)
9 h. e¥-1 o i

F@fﬁ)rmmﬂ the mulhplicati

e(fechon

on on the Nght ard equatirg diagonal enhres
. S0 that if A€ §o(3), we have

givel u§ a*tb +c’= |
4 ke r e Nl a2 e Pl 3, 50 bt |

t h°t = |

g ' A€ B(0,43). -‘

So f ATA-1, then A€B(0,43).
6y Hewne- Borel, S0(3) 1s compact.
o
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Let §'= 1B € 50(3); 8- B}. Define g RP*— so(3) by

Y’“): the ntation by ™ about +he line L€ R’

Show +hat y Maps RP* homeomorphianlly ontv S\ {IsS.

ff e map P 1S conhnuous , because the coordinates of the cvtaton

matX about the line A deperd c,onhnum.‘?ly on the coordirates of the

pomﬂ INS* (e, f tne equa‘hor\ of £ 15 t<a b, 7, then the otahan

albout £ dfpf’rxdf on <a,b,c>.)

se +ne rotahon by albout £, 15 dishnet

from otation by 1 about d: whenever L, and Jy are dishnet lines.

*The map ¢ 1 Sugjechve, Peaall Hhat eveny rataton mamx cahshes ATA* I,

So in partioular AT: A, The only rotations trat are celf - 1nveqle art

rotation$ b‘j 0 ord ntations by T T3 1S not in the codoman of |, 50

ever) ehement of the codomain 1§ A rtation by T

- Finally 1S closed, because 1t 1§ A ronﬁ’num;j‘ﬂ?al" witha €
(s/7:

domain (KIF?) ard Hausdo(FF codomain (§o :
Ly S\{Tsk € R1— Hausedor {¥.

" The Mo tf 1£ !nJ(vae, becau

smpatt

Thmﬁ;rf;, we conthude that - RIP*— S\31:] 13 2 homeomorphism
D




