@LH’X be A fbfologiml space and 1“,3
for ex Xe X the po:n+§ £1x) N\dj/x) on

then { and g art hemetopic.
PE Let H[o,)]x X — S™ be given by H(, )= (- D)+ +90x)
(G- DTN+ gDl

X = S* two confinuous maps. Show +hat (F
St are not antipedal +o cack othex, !
|

we WTS that H 15 & hometopy-
Obsevve that H 1S conhinuous because i 15 e product avol sum
of conhnusus funchonS.
First we will cheek that H 1§ well-defined (e, ( - (x)+ +900 ¥ 0):
(- ) f(x) +tg(x) = 0 = (I D F06) = -+900
(-4 £0)li = ""l’?(X)“ becauce NE) =1
ha-+) = l-tl lig <=1
=4 =T
{ = 24
2t=3

e
At =2, We have: ('_ ‘2,__) Fod = -4 q(x)
100 9(';’
Fex)=-9 0
%) on §$* are ret antpoded

which canwnst pagpan because {(x) a

to each other. So we havt Hoat (l'f)f(x)f*ﬂ(’() +#0.
Thm&n) H % well -defned.

Now we wll check 4hat+ H 15 A free homnotepy:

H (o, x)f(l_-o)f(x)m-q(x) _ {0 . ),
[((1-0)F(X)* 0~3(X)H AN

e (-Diag e gl 9(0) _ 9().
- NE) gl lig&l

Therefore, H 1S a hometopy.
Thus, we conclude thot £ ard g art homotoprc- D



conhnued. .

Ts the following statement true? A space & X 1S contachble & and only
every map £ XY conhinuous, for an arbitvary Y, 16 null-hemofup ic. Pove youp
assextion.

Pf: Recall that a cpace X 15 contrachble 1f Tdy '8 freely homotopit to a
constant wap, 1.e, null-homstopic.

- Suppose eveny map T XY wnhinuous, for an arbitrary 7, 5

null-hometopic.
Let Y=x, 50 f: X2 X St f(xy=x, e, £ 15 the eleatty meg, Tdx.

Then by our cupposihon, we have trat £=Td, null-hemaothprc.
Tnerefore, X 15 contrachble (by definihon).

“Suppose X is contrachble.
Since X 15 contvachble, we hove that Tdy s hemotopit 1o a constant

map Cy.. Let H:[0,(]x X— X be the homvatopy between Tdy ard

(xe) S0 wWe have H(0,x)= Td,(x) =X ard
H(I, x)= Cx.()() = X Constant.

Let H:[o,]x x> Y be defined by it x) = (F « H) 6, ).
WE WTS that T 8 the homotopy of £ 1o a constant mag.
Observe that T} (S conhnuous becausre it 1C +he composihon of

Conhinuoul funchons.
Observe that fi(0,x) > FIH(0, ) = () arel
T, x) = FHAQ, x) =F(x,) conctant.

Therefore, we conclude thet Fi 1S a herotopy, re., £ 15 freely

homotopic to a conclant map at £(Xo).
Thut, everny mag £:X=Y continuous, for an acbitrary Y, 15

/Iu//'/\)mrfopl‘c.
(8]




ed

wspace X @ called a S’fhtmg defor mation retachon to a point X, € X f theve IS

a conhnuous map .
p F:(0,1]1x X=X such Hhat Flo,x)=x, Fll,x)=X for all
XeX ard F(t %)= X, For all Ot el ’ : S A

’ Show Hat X s simply-connected # X 1§ a shong defivmahon retrackion toa pant
f. Suppose that X s a st g g L o
org defprnahvn redathon 1o a point.
We WTS that X 1§ simply-Gennected, ¢, X 15 path-connected
ane that 41,(X, %o ) 1S tnvial foc some X, € K.
- RSt we will Show that X 1€ path- Connected.
Let w:[0,1]= X by et)= Flt, x).
Observe that o 1S confinuous SNCE F 15 conthnuouls.
Dbserve that w(0): FO,x)= X ard w(1) = (LX) = Ke-
Therefore, we have Shown ot ¢ 1S a path.
we can defined suth a patia v x eX.
Thus, X & fa%.'(onn(’cﬂ’.cf.
- Now we will show that o, (X, %.) 15 fnvial.
We will do thes by taking an arbitrary \oop baved at x. one
Showing that it s path-homotopic 0 & conStoant maf
Let ﬁt[oll]—? X suth thad B(0) = (1) = X e &N arbitrary loop base
Define H: [0,1+[0,1— X by H{$) = Flt B(S)).
It is clear that H 15 conhinuous.
Owerve that H(0,5) = F(0,B()) = ps)
H(,S) = F(1, p(S) = Xe
H(1,0) = F(t, B(0)) = F(t,Xe) ™ X
HUE D = F O B E Flt Xe) = Ko
Therebore, H 15 a path-hormatof: ,
Thus, it bade Shfwn that angyafhfmfy loop loafed at Xs 15 poth-
horatopic to the conctant map at Xo, 5o there S only one element in
tne fandamental grouf- W conalude that 11, (X, %) & Anvial.

Gince X (8 pa%-anne(‘l'cd and 1, (X, k) 15 tnvial, it fllows that
X & Simply- connected.

a




cenhinued.
@ Let A be a subset of a topologiacal space X Suppoce that r: XA 15 4 refvaction o
onto A, 1.6, r 1s a confinuous mayg such that +he restichon of rto A 15 the

n‘den‘(.'ry map of A.
(1) Show hat if X (8 Hausdorf, then A s a closed subset of X.
Pf: Let A-fxe X: ()= xF. We WTS that A 15 doged.
We will do this by Showirg that X\ A= {xeX: ()t X5 1s open.
Let XEX\A. Then we have 1(X), X € X st 10X
Since X s Hausdorff and r)¢ X, 3 open nbhds U of r(X) ard

Vof x st Unv=g.
Since Y(X)Gu' we have that X € r"(u), which 1S open Since r S cfs.

Let W:=r (W) V.

We have that W 1S opon Sinte the Binite Vntersection of open sets 1S open.
wWe also have that W 1S nonempty since X € (W) ard X€V, 50 xeW.
50 W ic an open nbid of x.

We Wis that WNA=#"

Let yer WAV =W,
Sm(ey 36(”(u))wc hove that r(g)ﬂlj AAV =@, 5o 1yl tY Vyew.

Sinee HGWI (jg V.

Therefore, WNA = £ 0" ‘
Thus, we have x€ W € X\A = X\ A 1€ gpen = A

we condude that A € a dosed subset of K. O

K= (A, &) i surjectve

W3 clo sed.

(2) Let a€A. Show teat (' (X,

Pf Let acA avd aem(A2)
Recall that by definition, Vs ((x1) = [re«].
Gince ® 15 & logp in A bascd at a and we prow that the restition of
r 4o A 15 the identity map of A, we have trat roof = .
Therebore, v, ((«]) = [re]= (%], co 2 1S & loop 1N (X, &) sued

Hat 1, ((%2)=[«].

Thus, vs 1S Surechve,
a




ed. -

Show that + 3

Pevevy % ﬁ:t a path-connected, locally path-connected space X has M (X) finite, then
P m X 1o the forus T* i3 nu”‘hOMOi‘opw.

PE: Let £: X = T be a conthinuous mag.
We want to use the 30\6'11 hﬂh‘ng [ramo to Show that there eiSts
a Wit F: X— B
observe that X s path-connected and locally path-comnected.
Observe that [R s the Covenry space of §' avel the produck of
(oVen'ng maps iS a covenrg mag, so p: Rx B S'x 5
Therefove, ¢ R*->T s a Cavenrg Mag:
f.a R’ To use 4he gqeneral lifting lmma,
S0 et f (XD € Py (11, (B)).
X T ppserve that 1 (R) =T (R)* T (R)= 0x0 = 0.

it remarns +o Show

So we WiS that £, (1, (X)=0. e
Dbserve +rat 11 (X) i€ finite, o £y (n, () ¢ finite.

e have that £ (1, W) € 1, (1) = (S xSV () xn(5)=2xZ.
The on'H ﬁf\l'fﬂ Subgrou,p of d s 0) se ‘F* h‘\(X)) =0 ¢ P+ (ﬂ',(m‘)\) o
Thm’_ﬁnf, by Hne 3um.l h{’h,\g lerapna, we bhave et F R R ,
s a hif :

A (anhnwouS map info a (on ace (v nuli-homatopre-

Since £ 15 conhnuous and R’

null-homotopic-
sinte T 15 null- hamotopic, we have that £ 15 nuil-hemetopic

(f H & the homotopy between Ford consfarﬂ mag , then
pe H s the hmohp:j between £ ard a Constant maf.).

Therefore, every map £: X T? € null-homotopic.

tyathble <p

a




Continued.
@) frove %{M‘l' any continuous map from [RIP* 4o S' 15 hometvpic to a constant
map. For problem @, you can ure the fact that the fundamental growp of

RIF* s Z/2Z.
ff: Let f: RP?*— S' 15 a conhnuous map.

We want to ure the general [ifhrg lemma to Show that there
exists a Wt F-RrP*— R.

We know that BRP? i< path-connected because 1115 the conhnuous
"‘“3( of g whngh ¢ path-conm., ard the s \mage of apa%‘renﬂ
Space (s path-Conn. o 2
e know that RP? s locally path-connected S o

15 o local homesmorphicm.
We have that p: RS (the exp. map) S & covenrg MAF-

Fal 1In order to use the genernl ifting lemma) 1 Arehins
< v o Shew et £, (n,(RP?)) £ po (a1, (R)).
i/ ? 1 Dbserve that 1 (R) = 0 because B s contachble.

So we WTS that #;(m (RP)=0-
we have that T (RE?) = 7 /2T , so it ¥ finite; andd o £, (m, (RiP))
must be finite.

Wit haie dhal T Ot TRRL 2 m(sD=Z.
The only Pinite subgroup of Z15 70 £, G, (RP*) =0 < pa (T (R)). v

There fore, by the genmd \Fhrg \emma, wé have trat F: RO R
5 a W
A conhnuous map info & contractivle space 18 null-homefopic.

Emce "7 ¥ iontinided arel M i cnfrashble; we have trat Z 5

Nnull-hematopic.
Since P i< null-hemotepiC ), we have that €15 null-hoatopre
iof H 15 a hamotopy between 7 ard a conttant wap,

becaure
H ifa "\OMOfDPy betweeén f ard a conlfant 4

then po
Thg[férfl ‘{' ﬂ%”"—-a S' 15 nul/—homa'hp:‘c) l'.e.) homoﬁpic % a

ConStant map.
o



