0 Compute the fundamental groups of the Pollowing Spaces:

(1) The Sphene with k dishnct pame removed, K=l

P Via sznogmphc proj echon, W hauwre trat
S2\{ k points J 1§ hemes. to w1k pomﬂ}.
we will induet on k. o

Base cage: k=1: Thenm S2|51 point} —— B>\10 pointst = R?
o () =0 = 10, (sM\ Tl point]) = 0.

k=2: Then S*\12 poMfYt ot | W Wy pom‘t&

def.red. N1 / def. vet.
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_____

11, (S*\§ 2 pointsH) =1r, (R \3I point $) = m(s')=Z-
3) = ﬂ'c“?\z\i k-2 Pon’ﬁ,ﬂ'})

Trdughon hypethegis: ASSume Hrot v, (52\F ¥ porets 5
A" = Z' 4 >

W\'\ik’\fo{nﬁ‘l /r#:{':ﬁ k’w/——;::r

%y o Fiig et U= everjthing stattly above La.

"hw ] L Let V = everything stichy lelow i
— - ..,  Both U,V are pa‘ih’Onnfdtd ard open-
—---F=-- k2 Observe that R\ k-2 pointst = UUV.
By the nduchion hypoﬂef:‘sl we have Hhrat T (u) - ﬂ,(ﬂl}\i;: ?”""‘h})

= Z-r. =
u-Zc.pMS
By the base cage, we have 4rat m (V)= T (B*\ Tipont})= Z .
between Li and La. We havé Heat

Observe that WAV 13 the opon tnp
NV 15 nonempty ansl pa%'annccful.
have that i (knv)=0-

Sinee ANV & S\'MP(y'COhn

cinte UNV S Contvachble, we

ecteol, we can uge the ﬁ)“owﬂj version of
D)= m(uvv) = M = 1)

Van- Xarmpen mr, (R*\{k- 1 pornts
=Je. "L+ R -2+ *T.
Q_V__J
k-2 Himes k-( timer

Therebore, thhe fundamental group of ¢ with k dishnct points removed
(k21) s 1, (S2\1¥ ots3) = m(R2\§k-1 pts})= 2> -~ Z .

N —

k=1 times ()




" Conhnaed
(2) The torvs T eth k dishnct pomrS rcmovtd k2. ‘

Let X=T \1”..ms} -2+ 1
We il uieé mduchon to Show m+ b (TT \ﬂ( e Kt -hrrvS’

Bage cage, . de€. ved el red. Jdef. rel: . 5'vs’

——

&, (T2\ 1 gointd) = i (S'vS) = m(S) > m(81) = Z* Z.

Tnduchon hygothess: Assume that 11, (TA\ 1 k-1 pts3) = 2% > Z
J = N
k times

We wTs T (T*\{k pts3)=2Z+.. ~ Z

Kt| trmefl

Let T*\ik p+s} be drawn bllow. Sinte there s sSpace between the

) P romoveo points, we can fix a paraliel line
b % between one point and the k-1 remainie pornts.
# s ® & IE .. :L def. vet ? kﬂparnw'f 5
, e b s Ar(rei ; s §av S
3 e =S g s
k+| tonel

ﬂl(_n—l\fk PO"ﬁ(’S})s M (§'v. - Vg‘)
w
K¥ | hmes
=11‘(Sc) gt " ! ﬂ,(S‘)
DA s

K+l +imes

ol & JOUE Z
e il
K+l hmes

Therefore, T (T\{k pointst) =2+ T .
ki hime? 0




1’ X be the sub
Space of ‘P\
Me Segments f()( 0,0 Cayual to the union of 4
Nimgcnm VXIS U0,y,0); )« ﬁg}(o o?)c' (ft"ft 'S}Pkm XLl g
e e s A Wl f (0,070 © o p R e
i path-connected, +h
baSe pownt (up 4o ‘SOMOrpkwm) e ﬁmdamm*a( group 15 independent of +he

ehomalf.w
uivalence
1 homco b
jine 4o
Mou € +*‘6 Move 'Hﬂe
endpoints of center P"' lf"el-F
*ht dmmcw(f putside of S* horn
{0 oné Poun'(‘on (Mvuv Cl‘d?*’i)

c'vs'vS 'we'vs'vS?s

Each Space, ' and §* 1§ loaally Buclidean , so the
wedge point has & nb(/wl in each space that def
ret. to the wu[ge pomf o wsing Nan-kampen, wé
(an take the Mamwhl group ar follows:
"c(x) T (S'vevs've'vs vS®

=1 (3)*. & a5 (€Y (%)

5 time!

= g~ _*2“0
\/—V'_J
G timnes

Therefore, T (X)= z+2+2-2*Z.




continued. . A
G Let X be the space obtained from R by removing the anle
C={(0y,2)e B y*+2*= 9% Compute M (X).

2 ,\.V'J
16 Yo R a1 ol 0

. SPwitha . 7

. puch all diametex
of the
externor ff)” R
o form a sphest 7 A\
around the removed
Grde
& def. red.
let W @ @ T
W 1§ path-Gennected, open. 1, (u) - 1,(5*)=0.
124V = ‘ homese- R* union an def. ret homeo. )
PEE “)  arc via ST Q R =3
wapgrnpht'c
e jechon

V¢ ()a'th-(pnn(c+ea{,opm. mv)=m(s)=2Z.
Note that X'= U U V.

Weé pave UAY = g def.ret. o del.ret.
o bl i Ko e
N’ A

WAV & path-comected and nonempty. (unv)=0.
Since UV 1$ Simply connected, we can use the followirg vextion of
Van-Kampen: @, (X) = 11,(X') = T (U vV)

=, (u) = 7,(V)

T &

-7

Therefsve, MiX)= L.
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ed.
fuL:; M and N be connected p-divmensioral manifld, n2 3 Prove trat the
amental group of the connecred sum M#EN s isomorphic to (M)~ (N).

(nce M ard N are monifolds, they are open sets.
Let 1 M= MEN be the inclusion from M to M# N and
et 1y N2 M#N be the ncluston from N tv M#N.

The im(M) and i, (N) are both open and path- connected.
Observe that MEN = im(M)U 1n(N).
ﬁj definition of connected cums, there i€ an opewn ball B removed
fom M, and an open ball By removed framn N such Heat tae
boundaneS of Bam andl By are idenhficd.
Thm&re/_ T (M) N 14 (N) 1€ the bourdary of an open ball of au
n-odimen siorad Ma,m’fbfa(, ard it 1€ Pd‘ﬂ"‘(‘hﬂ“ﬁ'ﬂ', arel nanemp*y.
Thus, 1, (m) n in(N) 15 homeo. o g
Since n23, we have Hhat n-122 = " (s"") =0
Since T (M)N 1y (N) (5 Simply -connectedl, we can use the
F0“0wrv~5 version of Van-Kampen: 1, (MEN) = (1 (M) U in(N))
=t (i M)) > 71, (10 (W)
=, (M) = m (N).

Thavefove, 11, (MEN) = T, (M) » 1, (N). 5




conhnued -

Compute the fundamental gmu() of the space obtained from two fori by
dentifyng a cirtle §'x £Xo§ 1 one oS with the Corvrespending crile

S'x {Xo! In the other

s ORI

Y
X= [

A y
i i
LC‘{" Wu-= 7Y 7\"\’ def’. red = dcflcf
: bt TTT ' T @é)
AR
W 1§ open and path-connected. ol s X'

we will use Van-Kampen on X'

. def.ret. =
iy D I R

W' 15 open, path-connected. 11, (W)= (T):=2x12.
e N = def. ret. ‘
My o : ef.reh O e vef. bt
SR &

V' (S open, path-connected. m(v') = m($)=2Z.
Observe that X'=(l'v V"

wnv'= (S}g def. ref. ))'\

WAV 1t nonempty, path-connected. a,(u'nv') =o.
Ginte u'nv'is Sn‘mplg wnncc-ted, we can ure the following vextion of

Vain- KaMpmt ﬁ,(X') 3 ﬂ',(U'UV') g "l(u')' ﬂ.(\l') . (Z“Z)" F
So (W) =1, (X)=(2x2Z)* Z.
def. ret.

let V= Gy opon diskK centereo! at _
VIET missing point !

V5 open and path-connected. m(v)=0.
Observe that X=UUV.

UNVv = '\.“‘ def. red O . g

uav 5 nonempty ard path-connected. 7 (Unv)=7Z



Pced.
. we have twe ton S'% g ord are ldCﬂhﬁjlrj S'xf)t.,-j W one torad

with the (OV'YCPf’FdMg S',‘xo"s inthe other.
Id”‘*‘{‘j'ff’ a point fromn one space fo a pont from aredher space it he
Wff‘(jc product, so we lhave that our new space i S'x(§'v§h)
By Van- kamgen, we have tha + |

1w, ($'x (s'vs)= M) x 1, (S'VS)

= Zx (m(s") ~ 1 (5")

~Ix(72+2). L




conhnued. .

@Lef X=SuD= f(x,\j,g).- xl-*yzfal’ n}ui(x,y,O)!x‘+y‘e 53
(ompute mix).
¢ sty =X

- : . ved hemee.
Let U def. ve 9 :s*

W 15 open and path-connected. T, (U) =1 (5*)=0

: {. e, uak
i pracall b et = B

V (5 open and paﬂ-Conn(ﬁeJ. (V)= m(s*) =0
Observe that X=U U V.
Aet, red

= def, ref. def. ret.
Gy o

WAV 1€ nonempty and path-connected. m(nav)=0.
Since UNY S S‘pmplj Connfdtl, we can use the FD“OWI'D‘ﬂ vexTion
of Van-Kampen: TT.(X) . ‘!T.(MUV) =m(W -7,V =020-0.

Therefore, T, (X) 1s +nivial. 8




