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O Let B be a closed disk w R*and § be the boundary cirele. Pruve or disprove

_'H\e following Statements.
() Let+ £: S0 B be a conhnuous map. Then there (S 4 conhnuous map F:B—-B

Such that Fl¢=1.
FC Truge.

We can assume B i€ the unt diSK centered at tire onigin.

The rdea 15 that B¢ homeomorphit 4o S x[o,11/(S x {o}), So we can
get a map from Sx[0,117 B by definirg an appopnate hometrey.
Sinte B IS contrachble, the map £ 15 null-hemaetoptc.
There exsts a hometpy H:Sx[p,1 =8 Suth that H(g,5)=Xe
for all S€S, where Xo 1S Some poirtt of B. HO,5)=£6)
Since H 1§ conStanton the (et Sx {0}, H descends to @ mag

e (Sx [0,11)/(sxgo5)~ -

Gt absalute clarity, el gt B (X T )T wEol). be The aeneEERI
defined by g(w)- i(nwu, ), wto

(0'”, W.»o.

;BB ir the d(?l'reo( map.

Then He 4 eV ’
{ arsl 1f SES, them H”j/f’FH/',»)— H(l, s) = £15).

1415 conhnuous,

H 15 an extenSion ol £ +o all of B. 3

(i) There (s a Conhinuwoud map §: B S such that gls is the idenhty map on S.

tf: False.
Tf 4here st a conhnusus map g:8-5 st glg =1ds, then s

A retvaltion .
for retvachons, 9»° T (B) >, (S) 15 Suygechve.

gut 1 (B) 15 nvial andl T (s) = Z s immbnitfe.
S0 9. Cannot be Surjechve. 4

Thevefore, no cuch g can exyst e




Covhnued. .. ;
@ Let 5 ={(xy,2)€R?; 27 = X"+ y* 4} with induced +opology fom R
() And a univergal Covenng Space of €,
M 24 iy’
Note that = 1§ homeamorphic o a eyclirdenr via the mag

£, S'xR gqiwven by ”’('V'n:(ﬁ%;'h'w : 2)'

Tt 15 clear thatf 1S conhinuous, and £7' 15 given by
?(X, y,?)' (4%‘+H'X, J%qu,«z), which & alfo conhnuould.
We check that { actually carries 2 into S'X R: f (x,4,2) EZ, +hen

w3 "xR.
f(x.‘j,%)z(h’:_w,f_fi_:‘,%)'ém,f[gql, 2)65 R
We also confirm that g maps S'x R into £ f (x,y,2)€S' X R, +hen
q(xY,2)= (Iz5rg- X,d2+4"Y, %), So +rat the Sum of the squarer of
the st +wo coordinater s (2‘+q\~(x‘+y’)= z’+, as needed.

Since lr\omcomorpk.'c Spaccs have the Same wnivertal aum'rg space,
it suffices 4o determine the covenng cpace of the gylinder.

Products of Covering maps are Covennd maps, <o 't Suffices to fire
the universal cover of ' ard !?\) both of wWhich are [R.

So B* 1F the universal covenrg space of tne cylipaler (because
m* s Sim?'j Connecvfeal)-

(i) Let B=Z [~ be the quotient space where ~ (€ the equivalence relaton
generated by the relahon (x4, &)~ (X, y,-t). TS the quehent map 9: 5 — B
A Covmv\j MAP? Prove Your assertion.

tf. No, g s not a ovenrg map.
Notice that Z. (€ Cormected (Z. 1S homeo. 1o a cylinder).

If a covenng wmap has a connected olomain, them every fiber of the
map hal the Same cardindlity.

Hence, 1f g € covenng, each fiber 47(x) must have the same size.

Notice that 1"([(2,112)])=f(z,l,'l), (2,2,2)} has size 2, ard
9([(2,010)]) {(2,0,00} has size 1.

This s a contraclichon.

Thus, Wwe ondude that 4 cannot be a covenirg map.

o
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ed. -

w::pologncal spa X S said tp be Compactly gmm&d f +he propecty below holds:
Any Subset A of X s closed in X f and only if ANK 15 doced in K for every
Compact K& X.

(1) Show that a firs+ countable space (s compactly generated.
Ff et X be a fist countable Space.
*If AEX 13 dof(d, then bj a!f’ﬁmﬁan of the Subspacé -f@'aglggyl
ANK 15 closed in K for every compact K< X,
If A X 8 not cosed, then we will Show that +heye 15 a compacd set
K= X such that ANK s not closed in K.
Since A S not dosed, theve 1S an x € A\A.
So thert 1§ a Sequente OFPOM'H {xii?:o in /A (O"V’er(;ing o x€X.
Let K=1{xjv fxitos.
We dhaim Hhat K 1§ Gempact
Let Iuj be an open (BVey of k. Then there 15 A Un, +hat contains X.
Sinte twe Sequence fxdm Convesges fo x, by defrvhon, there (¢ an NEN
Such that x €Uy, for all 1Z2N. |
Then since fU.} 1s @& tover of K, there exiSt Ua,,. Moy Such that |
Xi € Ug; for 121 =N-1. ’
Therefore, [ U, Ua,,.. My b is a fnite apen cover of K, So KIS corrpacd,
However, AN K'= fxi}ﬁoc) co ANK. 1S not closed since 1t does net Contain
one of #s Limit ponts, namely X.

Thus, we conddude Hrat X IS Gompacty generated.

(i) A map f: X=Y between two tupological spaces i called proper f forevery compact
Subset keY, the preimage £7(¥) (s compact in X. Show that & conhnuoks maf
f: XY fom a compact space X o a Hausdor$ gpace Y s proper.

£ Let K<Y be compact. |

Compact subsets of Hausdorff spaces are clogedl, so K must be clogeadl.
Smce 15 comhnuous and K 1S closed, we have that £'(¥) (s closed in X.
Uosed subsets of compact spaces are (ampac:f',

Swce {£7(k) 1S closed, X 15 compact, and £(K) € X, we have +rat
£7(¢) 5 compact.

Therefore, £ 15 proper. A




