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Let X.Y be topelogical spaces, Y Hausdortf, and let A€ X be anonempty Sct.

(aYSUppose that : 4 =Y is conhnuoiS, wheve A 15 equipped With the subspace
-(-OFOIO.?Y' Crove +Hhat 1f +here exiStS a conhnuous extension of £ A,
1 ik unigue.

P2 Suppose there exists a confinuous extension of £ to A
ASSume that g'{/‘ /T——ﬁ\/ ot Such Conhnuouf extenionS ST q#l’l

Since g#h, we Know 3 some X eA st gL)# h(x).

Let U be an open n bld 0fg(><) ard \ an open Nbbal of h(x)
St Unv e (we can olo +nis becaule Y % Haufdm#).
Since g'[/\ art conhnuous 0iv10( M,\/ ave op
9"((/l)’ L'(V) are open In A.

Let §={xeA:g(x)7h()]. We WTE that § s open-
We have that xeg"(U) anol XEVI"(V)

Let W= g Uy nh'(V). |
W& opean becartst finite intersechon of open gets (s open

S nonemp ty (xew, + (S a nbhd of Y ;

Let gew = g'(u) N W'(V)

We have that §(4)€ U and h(Y)EV = g(y) #hly) ¥ yew
because UNV =g Theefore, yeS.

Thus, X eWE S, so S ¢ open.
opon

= A\S = {Xx€A: gO)=h00} 15 close .

AcA\S and ANS IS dosed = A< ANS.

Therefore, S must be empty Since A=A\S.

b fxéA-'g(x)=A(x)3 =g 2 9=h /
'Wuf, i€ thevre exists a coenhnuwous extengion of f +o if) it 1S
un\'clue- 0

en in Y, we have that

, aral W




Conhnued. .
() Assume that A s connected (n he subspace topology. Prove that A s

Connected n the subspace ‘h’\oowﬂﬁj

i Suppose Hhat A 1s connected

ASsume tha+ A s not connected.

Thenm we can wn4e A= UU V., where UV art opén, oligjoint, ara

Nonén ‘;"fd' .

-~

Since A<A and A 1S connected, we have that ASU or ASEV.
WLOG, Suppose A< U

A

Then V containg the liemit Points that are not in A.
“ ’ _ Lihd of
hecall Hhat x s a limit paind of A is evevy O{(feﬂjp( 2 i

ntesects A.

let XeANV.

we wand o Hnd a deleted nbhd of x that does not intersect A.
Let V\§xJ be the deleted nohd.

Then VMIXINA =of because VX3 €V, A€U, ard UNV=g
Thevefore, x 1s not a limit pornt of A. 4

'H'w/f, A ¢ COW”(H'CC/.




ued...
\
E‘i\??[‘zgi That X € a topological Space homeomorphic to an open Subset of a
pact Hausdoctf space. Prove that X s locally compact (= every point

has a nbhd Contammeal \n a compact set).
P Let U €Y pe an open Subset of Y, where Y 5 a compatt

Hausdor £F Space.
Suppose X s homeo. to U, and let+ £: X U be a homeo.

Since Y 1§ corpact ard Hausdorff, we have that Y € novmad.
If ye USY, then Y\U 15 a closed set that does not contain g
Since Y 15 novrmal (= mgular), we have Y\UEV open and

Yew open St NAW=4.

We want a compact set K st weKe U,
Observe tirat W it disjoint from V. and Y\UEV.

Yewsey (wnv=g), So yew s Y\V.

Since Vs open, Y\V 1S closed.
Since Y is a compact quudmff Space, a Set s wmpaC‘F

" dosed. So we have that yew e Y\V chosed
e

=) compact

observe that Y\UESV =2 Y\V e U.

Sp we have that yeWEY\V ey
l\/v\/
Compdd’

U was arbitrary, we have shown that every

Thevefore, Since Y€
ed 'n a compact Set

()o'n‘f‘ hat a nbhd contain

Thus, X 1S locally compact. g




| Continued. .

' @ Show Hat R? s not homeomovphic to e
|

|

1. ASsume 4ot [R? 1S homeo, To R
let £ RP— R ke a homesmorphism.
Remove a point from eack space, then
/{Y- B> \1(0,0,0)3 — M*\ {£(0,0,0% ¢ a Womeomorphism.
However, ObSexrve +rat , (R*\{(0,0,0)3) = ™ (5*) =0,

W\1(0,0,0)3
o(e(‘ ret. ¥ i ”{5( ret. "
7,,4, ‘ e

ool n,(m \fr(o,o,o)})= ﬂ,(s =7

R\ H{(o,0,
& defired. ! - def.rel.

| ,!—;, e =3

| S e
So 11, (R\1(0,0,0)%) # 7, (R*\ {£(0,0,0)3)
0+ Z

Therelore, R* s not homeo movphic to R*.




\,kf(( .

Let X be the s . 3
Boreh W' € subspace of [R”equal 45 the union of +he unit sphere with the
s i L s (0 g GO raal PO
y g e fUMltlmenfnl group of X based at (l,0,0)~
SR {1 e
biidi 'S Path - connected, the furdamental group 15 independent of the
€ pPownt (up b 1Somavphism).

X 1 homatopy homeo. \
" equivalence e def. ret: a
- a S * S~ line to
A1 4 move the v 1tself
- Center point (i
s : en(l

. move ‘the
7 endpoints of h
il outside of g* equ:vZT (rdf’f)

Hre diametexs 3
o one point on S

gyglysvsvS'vSTe

] g' gl

iy . ) Each space (s, 5%
'S locally Euchrole ar?)

So the wedge pornt

had o nbhd 1n each

Thevefore, T (X) = T, (SVS'VEVS
c i ($) + e () M E

- N

C timeSs
s g=,..*d*0 space trat odef ret,
o A 4o tine wedge paint.
5 tirmes So we con take the
B s 7*7“2“2 ‘F\Anal.gtz.aj follow s .




