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Let A and B denete subsets of a topological space X. Prove +rat AUB = AU B.
M Rrst we will show AuB < AUE.

ObServe that ASAUBS m, s6 AUB 1S a closed set containivg A

The Smollest cAosed se+ (‘onfamf';g A IS A‘, So we ‘\qw Ac< A—JE

Likawsse, observe -Huad E<AUBCAUB, S0 AUB 15 a closed set (ﬂepwmg B.
The smallest clored set confarnirg E s £, S0 we bave B< AUB.
Therefore, AU < AUB.

Now we will show AUB € AUVB. Py
To olo 50, e will Show 4iat X € AUB, then XKELAUB.

Recall +hat 1f XeA, then every nbhd Uof x 15 St UNAEZ.

If x4 A, then T an open nbhd (f, of x st U, NA =8

T6 £, then 3 an open nbbd U of x st U NB=7.

Observe +hat XeU, N U, arel U N U, 1S open (fnite mteisechon of open sets
15 open) arol nonenipty (xed,Nuy,).
Observe that (U,AU)N(AUB) =F.
There fore, x¢ AVE since 3 anbhd (u,nu,)

of x st. Ny and AUB cre
drsjornt. Thur, pUB < AVE.

wWe contlude Hut AyB=AUB.




Cohhnued. . S :
@ Let £,,£,: X—= VY be continuous maps from a topelogical S@Cé’ : o;usdo
Space ¥ Show that the set of points 1xeX:-f (x) =1, (x)§ 1§ a cloced se

Pl Lot A=fxeX: ()= £(x]
Then X\A ={xeX: L (x)# 0] 0()
we will Show that X\A 1S open (= A is dose?).

Let X € X\ A Then f‘.(x)lfz(,()éy st A0 EF (.

Since Y 5 Hausdorff and (0¥ £(X), there exist open nhd
arnd \/ of £, (x) s+ UNV=¢.

Since (:’(“l are ¢t5 and U,V are open, we have tratf {\,A'(U) ard )[1—’(‘/)
are open in X.

Observe +hat xe £7(w) ard x £ (V).

Let w:={7(u) n (V).

W s open Since it S the Anite intecsechon of open sefs.

W s nonempty Since X€f,"(U)/]f,>’(V) - W.

We WTS that WNA = 4.
Let yew={"(u)n §,"(v)
I yelfT'(n), then filg) el
Iy ef!(v), then £,(y) ev
Therefore, WAA - ;z(./ sl
Thus, we have xew € X\A, 5o X\A icopen.
We conclude that A={xeX: £ = £,00)} s Ccloged.

s Uof £ (¥

? but UNV=¢ so f,(y)#ﬂ(g) Yyew




Vufd...

tet X be a topological space, and let AS X be a subset Denote by Int(A) and
DA Ahe intenor and boundany of A, respechvely- Erther prove o the
ﬁ’”""‘”‘? SMTE/menJr} or give a counter-example

L.Tf A s Connected | then int(A) (S connected.
eL This is fulge.

Let A= {(x,y) € B*: x <0} u{(x.y)ER"™: x>0}V {(0,0)}
(e half of B nght hal of

Observe Hhat A IS connected. ) :
we have that Tt (A) = f(x,y) € R x<a3 U {xig)eR L X208, which 15 @

Separation.
0bServe Hrot Int(A) i§ discornected (y-aws is mxsing from R*).

There 1S ro open ball B(r, (0,0) arpurol (0,0) where >0 si. B(r(0,0))CA.

Tkentfvrfl (0,0) € Int(A). .

2. H both Int(A) and IA are connected, then A 1S connected.
f_& This § ﬁlfe.

Consider R wrh the Standard topolegy.
The connected Sets are £, {x3, and intervals.
The Int(A) can be either & or (a,b) (a,b could be o).
¥ Inf(/’()=(a,b),—ﬂ,\u1 a,b€IA, but (a,b) $ A = JA s dicconnected,
Therefore, Int(A)=4.
Reaal| that JdA=fxcR: every interval (ontainirg X rntecects A ard IK\A'].
Bvery xe R sahshes B(x,£) NA#@ and BIX,€)N(R\A)# £
A intesectS every nonempty open Subsetof X, then A is dense.
Let A=@. A S a dense Subset of R and R\A € elenge.

Tnt(A)= # 2 Int(A) 1S connected

1A= R D JA 1§ cormected

But A=@Q=(-2"E)OR) v (7,0 R) = A is disconvected.
R, o

open, nonempty, disjeint. el



Conhpued..
@ Let q E—X be aavenng map with g7(x) finite and nonempty for all x eX,
Shew trat E s compact if and only f X 15 compact.
P -Suppose E 1s compact.
Since 9 1S Surjechve, we have q(€)=)(-
The ctS image of a cptSpace 1s cpt
Since g 1s cts, E 15 cpt, we have that q(E)=X is compact.

"Suppose X 1s compact.

Let U= fux}xu be an arbitary open cover of E.

Claim: Each point x€X has a nbhd Vy st q'() an be covered by finitely
many elements of U: q7'(V,) € "’l ur

/\SSurwr\ﬂ the daim 1S trwe, netice Hhat X = U Vy = U Vi, ble X rs compact,

m"l ~ X

E=q"(X)= Uq'(V) U U Uj" where uJ gu,
Let n-= max(n.,,nxz,..,"xm)v
E 15 coveredd by m:N open se1T from U.

1
Now we prove the cAaim. Let xeX.

Arst, 1e4 V be any evenly coveredl nlokol of x. Since ¢'(x) S finite, let

q7'(x) = fx,,Xz, Yol We have 41 '(v) = l/ v because exacty one pomt in each V;
gets mapped to x (b/c g 1s homeo. q{ v V).
We can assume X; €v Cotherwise mlab&l) -
tet U; be any element of U St el Let Wi =WV open and § R €W,
observe thal: (1) q(w) C ;) =V Yizlyn

(7 S WV +hen ‘L'(V) ontaing exactty n points
X) X eq(W;) Vi

V = /) q(W) open b/c fin. intesechon of open Ce1s (Coven'eg maps are open)

Blj (3) X €Vy- Fma((y, wWe fL\OW Q (Vx) CU u Thi¢ will inch (moF of daim.
T+ suffices o show q'(9) € ) U; for eash Y € Vx-

By (0, Vx < q(Wi;) eV, 0 g (gj) ha¢ €Xacty n ponts (uSmg (2)).

VFVX _ﬂQ(W) So 31‘,’ CW .1, ﬂ,(‘j) lj We know W are dlfjomf blc
Slices ane pa rwiSe dis)oint, o fy,,lj” R '(y).

1§, G s J = 4ty) bie both sides are n- clement sets.

‘,,ew u,, 5o q'(nj)CUu




ed.

"H P* denote the (real) projechve plane. Prove that any conhnuouS map £ P> s
S null-homo%bpfc),;,’ homotoprc o a constant map.
!L We will ure the ga«.eral ll”’\vg lemma to Show 3 a lif+ ?
;:/‘ 4 observe that P* s Faﬂ«'(onr.ecff’c/ because it S the conhnuots
LF image of §* whioh 1S path-conn. (ard the Cis IMage of path
"72—'_{:—' ) conn. 1S pa‘HA’Covm-) N
Dbserve that 215 locally path-connected because §:S*—=F
'S a locad homee movphirm.
Let P:IR— §' be a Coven'rg map (the exp. mar)-
In ordler 4o use the yfi\f’m/ /rf'fv‘»y lemma, it remains 1o Show that
e (n,(P*) < p, (11, (R)). o
Observe that T, (R)=0, are 1, (P*) = Z/ZZ(so . (W (PY) 15 Anite
We have thad £y (1, (P) €T (S) -Z.
The only Anite Subgp of L 15 0, So Lu(m,(P?) =0 € P~ (m(RY ¥

mmﬁorﬂ by the 3&1\&@./ /lﬂrnj /en.4mal there existsa 4 7 P — R (um?_ue),

Any corhnuous map infe a confrachble space 15 null-horvetspic.
Since ¥ 15 cfs ard R s confractrble, we have that 7 15 null-homefopre.

df £ ar hull-hemotopic, then 1 15 Null -honotfoprc (1f H 15 The homodopy

between ? ((VU’/ q (t’nf/am'f/ Fhen foH,J" +he /-.p,v\aﬁ”j between Pawa/
a (om’v‘an/).

Thm/orf, Fince ? ¥ "”//'Aamﬂ/by’l'c/ W nufl-Romotoprc.

Thul, any cortnusus nap £ P— §' 15 null-homotopre.




Conhnued. . -

@ Let n23 be an integer: Suppese M and N are connected n-dimensional

manifolds. Prove Hat the fundamental group of +he connected sum MHEN IS
isomorphic o v, (M) T, (N).

Pf: Since M and NV are manifolds, they are open sefs.
Let 1,: M— MEN be the inclusion map from M 1 M#N ard
let {y: N MIN be the inclusion map from N to MHAN
Then in (M) andl i, (N) are both open ansl path-connectesd.
Observe Haat fu (M) U M(N) =M#N.

by definction of connected sums, theve is anopen ball By removed from M

and an open ball By removed from N suck that the bourdanes of Ba
ﬂ""/ BN are /:/Mﬁﬁea/,

T}\e!‘fﬁsr‘(’) I'M[M) s (N) /s the bow\a/ar_\/ of an open ball of an n-dim.
manitold | anod ;t 15 path-conn.. Thus, 1u(M) Nig(N) is homes. 2 S
Sinte Nz3, we have thad n-122 2 1,(5"") =0.
Sinte 1, (M) N 1,(N) 15 simply connected, we can use 4ne hllowing
Veion of Van-kKampen, ﬂI(M#'\D: nl(i"‘(M)ViN(N»

= T (i (M) * T, (in (W)

= @, (M) > 7, (N).




