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4 X be the set of all Pomﬁ (x,y) € R SMC‘\ Hat ‘jg.l or E/"l- Let M be

€ quoh ;
quonent of X ‘99 +he equivalence relahon ge,memfea( by (x,~1)~(x,1)

roall
A XEO. Show that M 1S not Hausdorf,
_ﬁL X/N =M

Let 9 X X[{~=M be the guotient map-:

Aecall Hrat Since q s & quohent mae,

UEX[V=M it open ff Q"(U) c X 1§ open.

Consider +ne points (0,-1) and (0,1).

We WTS that every nbhd of (0,~1 intersects every nbhd of (0,1).
Let UM be an apen nbhal of (o,-D. Then g7'(u) 1¥ oFen i X.
We know aat (o,—i)eq"(u) ard Since Q"(u) 'S op

(0,-1) € {(x,~0) :|xl<al € ¢7'(0) (q'(W) < caturated)

amol §(x,1):0¢x|<at QQ"(u),

Let VEM be an oven nbhd of (@,1). Then ¢7'(V) s open in X.
We Kknow that (0,0)€ cL"(v) oand Since qv"(v) ' apen

(0,1) € f(x, 0 1xI<bF<q’(v) (q'(V) s caturncted)

and f(x,-0): 0<Ix(< b} <q7(V)

Let 0¢c < minfa,bl.

Then (o) € 47'(W) N g '(V) - g (unv).

¥ unv=¢, then 9 (unV)=#.

Since (6N)€Eq ' (UN) T g, we have that KAV,

Thevefore, we have Shown that every nbhdl of (0,~1) itertects
ey nbkd of (o,1).

Thus, M s not Hauddo#.
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Conhnued

% " . : ) / 1S Hausa
@\ Suppose F: XY 5 a conhnuous bijethon, X 15 compact, and Y 15 Hausd

Prove that £ 15 & omeomorphism.
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twed..
Sl
oW that of o path-connected, locally path-connected space X has 1 (X)

F\\’\H—e, ‘H’\GY\ ww Map X—-—)Tla‘s null-homotopre.
Ff
Bl we Wib(lo( like o uce the 360’\&(71’ |,ﬁ—m3 lemma. 4o Show +hrat the
I'ft+ ¢, X—)ﬂ»{z(_’x\S'\‘S. ;
? R* Obsevve that X s Pa‘(h"COY\Y\-arO‘ locally poth~ conn.
.

v pe Let p: R*—T?* be a covenrqg mag, where p 1S the
ey

£ prociuch of two exp. mayps el \?\/)S'xS'>
led g, RS exe pr= el W o
( ¢ Pl.f\%—as‘ exy-& R*—T

We WS [, (m, () € p (M (R*).

Observe ot T (BY)=0 because [R™ i€ convex.
wWe wTs £+ (n(X)=0.

Cvnce ﬂ',(X\ 'S [w"r\!"t‘ﬁ, i (Tﬂ(x» IS Ainite.

Obsenve ot £ (i (X)) € (T = T (5'x 8D = mls)x m(5) =Z*T.
The Omfj finite Subge of IxZ 15 0.

Thevefore, £ (1,(X) =0 € P~ (0(R*) v

Thus, by the general /vf'fnj lemma, The it £ X= R* existr.
Observe that B> convex = R 15 contfrachible.

Any cts . info & confrachble space 1S null-homotrpre.

Theretore, 7:X—= R~ 15 hull-homotoprec.

T % % nul{-hemotypic, then So 15 #

(1£ H i a t‘\OfY‘é'?‘OPj btwn 7 ard a constant, then f° H 15 a hometopy
btwn # arel a congtant)

Thus, F 5 null- homotvoprc ; as denved.




conhnued.

@ Let A be a subset of a tvpologieal space X. Suppose that r: XA 1s are

of X ontv Ajie, r 15 a conhinuons map such that +he restnchon of r +o A N
1S the t\c(eﬂhf?j map of A.

() Show that f X 5 HausdorHf, then A 15 a closed subset.
f{: To show that A (S C(OSPK’(, we will show Hat X\A 15 opén:
for xe X\A, 3 Ul open st. x eUh EXNA.
Le+ X € X\A. Then r(x) €EA.
Let o,V be +he C(v'fJ01ﬂ+ op nbhhd ¢ Of)(‘r(X\} respechvely.
(Such U,V exist becausre X 1S Hau&dcr’f()
Then UNV=¢. UEX,VEA.
Since V1< open andl r s ctS, (V) s open in K.
We havt that xer (V) and xeU, so xer (V) AU, ;

: f e
3 B nite intersechen otop )
Therefore, v (VYNW s nenemety ard open (ﬁg"(‘:[g \'shcféw

If (Y'r(V)ﬂU\) /\A, then atsume acr' (V)N U and a€EA.
Since aeA, we have that r(a)=aey ;:, REUNY = o 4
Since aex (V) WU, we have trat aeU )

Thf}rcﬁ)vz’, (r”(V\/\U\[\A = ﬁ

Thus, v '(V)NU 15 an open set ST xer (V) nwn € XNA.

We wnclude that X\A 15 open = A 1S closed. 1

(2) Let a €A Show tHat Vst ﬂ’,(X,KO"" ﬁl(A.a) IS SUj echive
ef: Recall that vy ([<1)=[roa].
Let [p] € 1, (A,a\).
we WTS 3 [<1€ my(X,a) s rx (D) Lroal=[p].
Dloctrve that a(t) = Bl VL
Sinte A< X, p can be thought of as a loop 1" X
( ([f1) = [ropl=[¢] v
Therelore, 1 m (X, a) 2 ™ (A,a) 1 suyjechve. 5



ued.. 1

Let S be an n- ‘ 1 |
d\mcnSaor\aJ s\ol\m n W\n c\%fer‘cd ot the Or\'gm. SMN,,R {

f, r $N—3 on
19 5" are conhnuous maps Such thut £0x) #9400 for any x €§". Frove

H\‘H\A‘i’ : 5 04\0(3 are homotvpre.
- Define H:[0,11x5'— S given by Het,x)= (1-4)4(x) + 4900
N(-D 00 ++g OOl

Observe Hat H 15 the product and Sum of tontinuou s funchons, are!
IS Therefore contrnuous.
h‘m‘, we will Show 4ot H 15 well-defined (1, (1 1')f(x}ftg(x)4>o‘):
(1-1) £() + —(-g(x) =0
(1-1)$03) = - 199
NO=H) £ =N1-+g (O because (E =
10-D)]= -] \[gOal =1
I-t=t
{ =24
5+=%
(1-%)40> = -390
3400 ="%5909)
= F0)=-909, but we have that $00#-9(0) for any x€S".
Thevefore, we contlude thrat H 1S well- definedl.
Now, we will Show that H 1S ahomotopy:
H(o,X) = (1-0)f(x) +0-9(x) - 100 | re0
H(1-0)£0x) + og(x)l' OO

HO D) = (-0F0D 41909 . 90 - g(x)
(-6 +1:9 A (g

Therefore, H 1S & homotopy between { ard 4.
Thus, f arnd j art /\omof’oplt. o




conhnued. '
@ Let k21 be an integer. Compute the fundamental groups of the Fb“UW"S‘j Space,
(1) The sphere S* with k pernts removed.

Pf: Let X =S*\§k points} R*\TK-| pointss
; via Sfereo.
pryjechon
—_—

-7

We will use induckion to prove taat T‘.((P\Z\m P*fﬂ . ?' e L

n times$
pase case: n=1: 1, R\itedd

ki)
Z o(t'f V“("f v : . d?r-f‘ff' ’
e r;o.\”‘( _ Q =S
N’l

So m (R*\{1pt})= m(8)=2
Assume tiat 7, ((Rl\{n—\pﬁ})rw (Induckive step)
n-1 times
We WTS that this holds for 1, (B*\ n prs?).
Let R*\{n pts} be drawn below. Since there (S space between the removed points,
[ o We can dvaw two payalled lines befween one point and the
" rernaining n-l points.

L]

S— —

et Lt
——

‘ ° (U,V aure open anal pa-l‘h—cww«—(ea\\)

Let U= everytling below L, and V= wenything albove L. ; .
Then by the base case W(U)=Z and by the induchve stee M(v)= 2" £

-1 -+ 1¢
UUV = R*\in ptsf ' e
QbSere Haat UNV = the open Shrp of R between Lyavel L.

SH’I(E Unv 1§ Convex , 11, (unv\ = 0.

Th{"f‘ffm”(’/ Simee UNV 15 S"r"y",.«f:!'-j Cm\;',qp(,/ea” W coon ure the fHll owing verZren
of Van-kampen: 1, (IN-\fn p#S) = M (UUN) = 7, (L) * 17,(V)
=7+ 7 - T

\—'——‘\/__-/
h-1{ ‘trimes

Thevefove, T (S¥\ 1K pts1) =, (R*\{¥-1 pts]) = Z.x1.

~

k-1 tmeS
Cl




uea.

The torus T with k points removed
P ) X |

T (D)7 - FT e
Let X= T*\{k prsy
We Wil use induckon o show 4rat 1, (T*\in peD) =22 o= &

nt| e s

Base cage:n-

/) def. ret. Jef. ret. del) ret- i
261 — R — I

MT\ T pt) =1, (S v s ) =, (51) = m, (§') = T+ T
ASSUMe 4ot 1, (T2\§n1 ptsd) = =L (Trduchve step)

n-times

WE WTS =, (T {n ptsf) = 2202 E

ntl Hrimes

77

et T*\{n ptst be drawn below. Since +here s Space between the

rexno ve ol pomh) We cen fix A pam'lel lrne

J between one point and 4he n-1 remaining POt
o 4 a-o B 3 a(CFJ‘ef" (nﬂamwr
——

~r R o(ef‘.rt{ ) =S'V,..V§’
- X ;

ntl fimes ntt times

T
1, (1 {n pts}) = m(S'v..vS")
=1 (5')*-"*"Tv(§‘)
e
ntt times

=Z*...*ZL
——
nt+i fHimes

Thevefore, m (TH\ik pts3) - u
ki) times



