P, 2oz

© on R we consider the topology T gmemfea( by the lMSlS of all sets of the form
(0,W) and all Sefs of the form (a,PNK , where K= {3 €Y,

(a) Prove that [o, il s not compact in (IR, T)-

ﬁ We want an op on (0ver of (0, l] that 6(0(1’ rot a

Consider the setd U, =(,;T'ﬁ ) ;\),__l.)u((_l'z)\@
U= (3, 2)u((-2 . Tt ¢ dleay that Hhe Un artope.
S i ' Usy £ N=M.

We cee Hra+t Gun= (4,7_) and =€ "
n=1 W

otice that we can wnte
£ (0,1, but removivg any 7

Admit a inite subover.
for n22 ool

153 (-1, H\KD.

To See this lagh point) 0
Hence +he Un fovm an open (oVeX 0
Hae List would remove % Govn their unon.

There fore, the open cover TU,T does not admit @ Anite Subcorer, 5o
(0,17 1t not compact in (R, T). =]

(b) Prve that (R T) (s connected, but- not path-connécted.



(C‘Mﬁnum/
@ Let X be a Set+ ard T and o topologies on X So that T s strictly fner (10

Han o Prove tHae h“cun“{j Statements
(a) If (X, T) 1S (mmr(l(’*xL anal HauS(fo((;(, Hren (
(b)) If (X, o) (S CC)’Y\()CIC{' ond Haugdorﬁi/ then (X, T
Hint: Consider the idenhty map on X |
*Recal| Aot T stictly fner tran o = (X,0) €(XT) :
Pf of (a): ConSider tne 1derhty map on X: s (R TI (X,0).

Xl0’> 6 not H au sdo €
) 1§ net [G,’V\p(lc-*‘.

e occT we have Hrat for eveny U € (x,0) optr, +ha-t

|
/
i l/' : ’ o / y l
IA,);{I) (/
“5-'«{";"‘( : M VR

wppose (X, T) 1S compact arol HausdorA¥.
Assume that (X,0) S Hausdor{t.

let K< (/)",T") be a closed set.

Closed subsets of compact spaces are compact, so ¥ 1S ompact.
he cts image of a cpt Set s cpt, So idy(K)= K 15 cpt in (X, o).
Compact subseds o f H’!"‘f:f’.f‘x-*’:” "",Yﬂ{’é—”i' are closed, <o |C(x(’(—)= K
Thewve £ tdy 1S @ (n/ﬂgr,(f magp.

Let K be a subset of (X, T) St. Kis closed in (X,T), but not
(h (X,C’) _C,u(:“ a K ex)s+¢ becausé T 15 ‘5'{7\'{:4’: firex Han o
Then ('flyl’f/k’\) mu -+ be closed in (X,0'> cince 1dy 1§ cosed.

v

, [ ¢ n —f Lol
1 H oo £ N4 - A k) =K oA £ no lasreal
BM : l('l W (S The "{ N1ty magp, So (¢ ¥(> {‘\.) W‘/"(M L ¢ ‘

i (X,J'-) ’47 Conhadichon since Kisn i+ closed in (X,

v
Therefore, (X, T) 1S compact and Haugdorf, then (X, o) 8

net Haurdordd 5




P

ed. .

M ConSider the 1dentity map from part (a): dyi (X, T) > (X, ).
For the same reaSon aSm part (a), 1dy 1§ conhnuous.

Suppose (X, o) 1s compact and Hausdor{f.

ASSume ()(|(\ s commpdct.

Llet K € (X,‘C) be a closed SéT.

CloSed subcets of compact spates are compact, so K is compact.
The cts 1image of cpt s cpt, So iy (K) =K 1S ¢pt in (X, ).
Compact Subsets of Hausdoct? spaces ave closed, so idy (%) =K
1S ddosed in ()(‘a—).

Thevefore, idy 1S a clored wap.

Let K be closed in (X,T), but netin (X, o).

Closed sulsets of compact spaces ave compatt, so we krow that
K15 compact in (X,T). In pavticular, K 15 cornpact in (XD,
notin (X,0).

The cts lma!)C of cpt 15 cpt, So Ay () = K8 compact 10

(X,r) 4 Can}mml-chon cince we card Hrat K 1€ not compact
in (X, 0). (or closed

There fore, ¢ (X, 0) 1S compact anol Hausdords, thew (X,
'S not compact.

O




Conhi’\u(’a’ '
@ Define A= 1XE€ R*: both coordirates of x are rahoral$ ‘
ke of x 15 mhonal}.

B={xe R at least one Coords

Show “that R\ A 15 connected o~k R

P Rt we will show Hheeh BR*\A 15 conne cted
Let (x,Y), (w,2) €A \A.

Then either X or y 18 irrational and erther wor

t\ B s hot connected.

2 1< irrahoral.

WLoG, Suppose x s irmtigrod.

We WTS 3 a path fiom (x,y) o (w,2) that avovds A.

; . st ht line
Snte X S icrational, theve exists cx"pod(nﬂ o (x,y) to (x,u)

Where u 1S irratr
irrational. “spraight line

Tf w15 irrational, then there exists atpath fom (i =8
ashaaht, line path

(W,u&\ ond %hen/‘ﬁ’um" (Wgu\ o (Wl:ﬂ)'
Swa,gl.-f [(ne

If 2 s wrehenal, them theve ex1e¥3 atpathh Frorm (xX,u) 1o
anshmgm Iine path
(X,i) ard then " hom (x,2) to (w,z\

Th-ewfnre} we can Cenfinut a path between any two pornts

in R*\A. Thug, R*\A ¢ path-connected = connected.

Now we wil shew that R*\B 15 not connected.
Dbsevve trat

RE\ B - T(x,q) e R*\B: x<0F U {(x,9) € R*\B: x>0}
; ¢ the Por‘nh in B*\B are of the Pown)
s not wrahonal,

£ can do s bf
rntioval | inatioval ) and 0
ce Hrat the fwo S€tS A€ nonempty, open, and disyotnt.

ere fpre, 1This (S a Separathon of R*\B,

3§, PEAB 1L noet tonnected.

) Soffies b chaw padh fom (xy) b (m ).




Mued.

Let X be a ;

that f Ry ;DPOIOTCM space and f,g. X—= S? 4wo cenhnuous maps. Show
ey x€X he pomts £(x) and g(x) on $* are net anhpodal

P; S‘T:::of:ﬁ;;fﬂm T ianil f iore. Bariaiplc-
anHoadal 4 tﬁ”c:\ ‘Z:’ey X eX ﬂe points £(x) ard g(x) on $* are not
v, meaning {(x) #-g(x).
L&t H:[0,11x X = S* be defined by H(+,x)* (-D)F0)+490)
I (- )40 + 49 0O

Observe that H (S conhnuous beause we art takirg the sum anol

product of continuous funchont.
Frst we will Show that H 18 well-defined (it

(-1 )t tg(x)=0 = (I-1) pex) = - tg(x)
H((—%—)f(x)!l'— H'tg(x)ll‘) pecause |l FOOI =

(- f(x) + +9(x) #0)

(-4 = 1~ g (O =1
(-4+ =
| = 24
-) 4 .‘E

50 ("}L)Hx\"ég(ﬂ = S £(x) =3 g(x)
= f(x)=-90Q) 4

y(x) are not antipedad +o each other.

This cannot La,ﬁp&n bl c £(x) avel
debfrned.

Therchre, (1-+)€(x) +19 (x) #0, 50 H 1S well-
Now we will Show Hrat H 15 A homotopy:

H(0, x) = (1-0)f(x)+ 0.900 _ £OO o £(X)
NCi-0)Fox)+0-9 ) LFON

HL, %)= (\-DF0)+ 1 ) :L(f_) :3()0.

NCt- 040 +1- 9l lig ()

Thﬂvffore/ H ¢ a hovvo-topy.

Thus, t w\a/j are homotopic.




Conhnued.. e

@ COm,"H‘hf +he fundamental 9‘,‘0\.\(’{ of the Pb“@l\“v\‘ﬂ SF(I((’S.
(a) The tomu$ T =$'x§S,
B 11, (12) - (51 §) - T () x 0, (57) = 2% 2.

N s o
n 47 ' 1 ¢ & 7

The furndamental groug ot g et B

(b) The pinthed torus S§'x §'/S'x U5

P e Ko /on il
Here 15 a conthuthon of +he p‘mf...ra‘ torus

= g
i — IQ ; R This 18 $% with _\
:: (\’j : < )] two ponts (N and ~N)
] <5 e denhfied fogefher.
-N
X 1S homeo. the Shere with tweo ponts iden hfveol
homotopy
eéquivealence
i NQ_WQ__) o et %

So 71, (X)= M (S'% 578 = fi})= m(s*VS")
= m (5%) » 71,(5')

R i

-y

The furodamental grup of the \V”"C"’@( torug 1S £
1
= §% wl the def.ret

s / g . gl V S‘
sl g C A hFred ;
poles 1des heves / e
VV fﬁ”(lz,guq tt“e o g + 7 onAd / +<
¥ 'f(]"(k f e {{\( ¢ aint
o | of the art o
'{J’{ i'fi wA @ '~{.
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G) AsSume. g XA 1) & Covenryg and both X and X are path-cennected. Assume
A S a pa'H\‘(ony\((f—ed subset of X so Hat 1, T, (Au‘\)“’ TT'()(,A\ /s onto,
T Seme AREA, wheve 1! A= X s the induSion map: Prove tHrat p"(A) 15
P(l‘Hw'Conn(Cf_Cd g paoe .

EL Let %,y € p(A) be avbitrary points.
Stnce p (A s the complete preimage of a Subspace of X under g
WE Enow that the restachon p.p (A) D A 15 & covenvy mag.
Let /T::p"(A).

Since X s path-conn., we know +he
X 4o Y. I+ 15 obvious thrat pof 1S & path
Let ae A be ac in +he problera statement.
8y path-connectedness of A, we can hrd pathe &, B in A with
x(0) =a = (1) arol (1) =p(x) and plo)=ply). |
Then the prvduﬁ‘ a’-(pof) g 5 a loop n X ata . Since +he may 1x

from the prblem Statement 1€ sugedhve, there exists a (oof
Y:[0,(1 > A with [y]= [,,(.(Po{)-ﬂ] (these equivalence classes arc

in the sense of of T (X a))-

‘Now we will explor‘f the (lﬁ{ny prgperh‘e: of ovenrg spaces.

Let % be a ift of o t2 a path in A with &) = x (remarleirg fhat

x ep~'(px))- - v

Let w:= «(0).Let ; be a lift of B +o a path n A with /(0) Y.

Let li’g(l). To Summmanze, & 1§ a path from w to x and B 15 a patt,
Hrom y fo Z- o

we can also dehne /:fhrgf (1n terms ofp:X—-‘X) o#x,/g o paths

i X b(j:'nm)ty at w and Y, /‘Cf/)(ff've/y-

Bt since we can View the already defined & arol § as paths i X,
um’gue.nf’S’f of path //ﬁwgf Greel uf that these “news' (/fts are exactly
% ord 7. In other worels, vie obtain the came paths whether we (i
in the Sense afp or tn the sensé of +the restmchon ’efp A p"/fD

n )(’ A+ s fo a Fa-H\ ? i X wi'th po’(\i‘:(’ ardl
4h the [ifts of ¢ ar»o('g} we

e (€ apath Fi[0,1X from
in X fom p(x) to ply).

Because ¢ 154 (oop
?(0) = w. In muth the Same way al vi

Can See that 7 IS a pa#- n A.
Sinte path /\omofap,'ef alse [if# 1o covenrg Spaces, theve is a path o




COt’\hnued,_‘ . v -~
nemokopy N X from Z-{-p to If \
This eftablishes that §l1)=2. |

Rinally, netice that - fs: 5 a poth from X toy that 15 confaincsd

entively in A=p7(A).
T4 hollows that p(A) 15 paH\-wnm'c#eo/. o

<1y

N




