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+ .
Let X be A '('Opologmaf smce. Prove or digf:rnvc +Hhe ﬁ;“owly\g asserhon .
L LeF By Mi be Sulbpels #84K. Fhen 10 A =1 A

1= =1

PL we Wil prove +hat Ua, = § 7, for Ay jAr € X by iduchen of K.
=1 <)

¥ k=1, then A=A -
. So let k-2 be our bage case: W WLS/A‘ .
R we will Quew At AUA, € AVA:.
Observe trat A € AVA, € MUA; isotAudy 154 closeol ce;;n
Contarnirg A We know that A, 15 the crmallest dlosed get confain’g
A Therefore, A €A VAL
loseg
Likewise, observe thod A, €A VALE A VAL, ° A UA, is a closed set
Covifainirg Ay . We oW thod A, 1§ the cpnallest closedd s€F
(m%mm,j A Thg/f’[a’rf’/ /’715 A VA,
Thus, we have that A VA € AUAL

e ir e

= A.VA';

- Now we will Show Haat m;C—A’,Uﬁ,, i
we will do s by Showing Hhat x ¢ K UB,, then x€A VA,
Suppose X ¢ A, VA,

If XA, then 3 an optn nbhd U, of x st U, NA=Z.
£ X¢ A, ther 3 an open nbbd U, of x st ULNA=F.
ObServe that U, (1 U, 1S 0PN (the finite ntessechon of open Seds s
open) arol that U,N\Uz 1S & nbhd of x ()(eu,ﬂ(,{;).

Observ® Hat (u,nul)n(A,UAz)rﬁ,Tkmfowe, x€ A,UA, blc

WAUL 1S AN open nbhd of X that i< digjernt from A UA..

Thus, we have tHat A|U41£;|UZL-
we conclude that AUA= A, UA..

- Assume +hot AU UAps =AU UA,., (Tnductive kjpm‘t«efx).
we wis Hhat A, UAga YAk = A V..U A, YAk

Let B=AU..UAp1. Then BUAx = B U A, by our base case.
The LHS 15 BUAg= AU...UAUAk.
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Z. Let fBif;., be subsets of X, Then U B;- Us.
1= =
.. Ti atement r'é =
! 3 s :
Led X=1R & fer the subsets 1Bt = 1(7, 1)
[ 1l En gt
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I
ed

Let (X, d) be a complete metne space and 1€}, be a sequence of nonerpty closed
Subsets so Jd\(k‘f Eivi € E, forall i. Suppose twe diametec diam (E) =0 a e
Show tHrat fl Ei 1S honempty and consists mrpn‘,’ase/y one point (Recall that the
diameter of a me+nc space E 15 defined by diam (E) =suptdixy): X 966i>
P{: we wTS ﬂw n E; containg exactly one point.

- First we wi\\ Show thad p E; has at moStone povnt (Unigueness >

Assume 3 X,y €E Aishack: “Than  ollx,y) 7o.

we have Heat diam (€)= dlx,y) Yi becaus€ X! 1§ ek Mo

So 0=1lim 0’(’{!!“(5.}'2 d (X, u)>0 ﬁ

!70"

Therefore, ﬂ E; must have at most one pont.
‘Now we will show thad ‘»‘ Ei has at least one pornt (exstence)
Le+ f)’ﬂg be any f(‘tlu{r‘[(,‘ w:ﬂq Xi€E;.

RXx £50. Let N be such that diam (E)< &€ Vi>N

Let k>), +nen the nested condibon tells us that X; X €EE;.

We have Hrat d()(.“yk>f digm (EJ> <& as (Or\j af J>NA

For J.)kBN, m-"”(‘)',k) >N l'r\r‘p’r(’f d(XJ',Xg><£-

Therefore, (X3 is a Cauchy Sequence

Since 1X;3 & a Cauchy sequence, we have Hat X,— X for some xeX
bvecause (X,d) s Comylete.

we WTS x€E. . |
Ousevve that € {xidi-, € By S0 closedness of E, tells us x€E, .

En {X&f” € En, lim X;=X, So XeE,, by dosednesrs
|02
Therefore, X€En ¥ N implies trat x€E.

'TWS/ SiNCe _ﬂ (.' Contain§ at most _‘7/‘::{ at least ore peint, it mus+
i=

| } 0 ANt
(onsist (ff()‘r“(f(ff{f:{ ohE point. i




Conhnued. ,
() Let Z be the 1opology on R> suoh that every nonempty open set f'{ zZ
the form RO\ 1at most fimitely many points}. Show “any Corhnuous f\:(nf:cn( A
PR, Z) = R 1S constant, where [ is endowed with he S

M Leq Y be a Hausdodf Space.
wWe will Show that f: (R Z2)Y cortinuous, 1S conStant.
(iie, Fl(x,4) =c for some constart ce ).
ASSume Hrat £ 1S continuouS and nonconstant.
Since £ 15 noncenstant, we know Ahaf fhere exist olishinct
a/LJrf([R’['Z)S‘/.
Since 7 S L-mtl,’,‘cfoﬁ@/ we know fhat +here exist open nbhd! U of &
and V of b st UNV =g,
Sinte £ 15 tontnuows ard U V=Y are ppen, We have that 17(U)

L'/Ii’xz(-/ f(’ //’/ /.) are [.{, e In /(RQ/ ——7,)

Observe that £7(U) N E7'(N) = F(UAY) =17(8) = g since unv=g.

s -I,/, ‘-._} "n“- . - ) il ) "
Since £ (J/,f (V) an optn qnd ho'(\ef-.-ﬂy*hj in (IR 7_>} they must be of

71/!( /by-nw [I]\‘2 T(\’f oSt (W"Wl‘f’(’lfj hMany F'O'nﬂbi

) } V. [ - \ 1’ s | 3\ 2\
‘)l[ll,'!,'c"f -f (((() = ”%2\50]/"’](1”‘} al\ﬁl T[‘ /{“j\’_ !“3“\§b')- " bm?:

N

lhen + (/U;) () ‘(—/\/) ) UJWZ \ian/"'./an,b Lm% nY PGMU

Y
fﬁf ble IR* 15 tnhinrte. ?

T o ] f \ A N\ Y —
his condvaclicts £ (U)NF(N) =¢.

: - }
7,(/?’[3}(’/ + musy be ¢

( ._‘z'"i-"g"/"‘}",,
C Y, ) 7 / e
| r./ /1’.’ .’" - L/ 20 OCA 2N 7 ) LA P A ' = I &
w N 4 IS Aaul re, we //\a/€ fé\d[/\/i" HQT any -'l"}"'ﬁ,’!{lf"ﬁ'/: f?:,;'!('fviﬂ.-s
LI "y B ‘“x(\ " > ] i
f (h, Z)— K 1S constant.
(|




Vet DT be a closed disk in R* and §' be the boundary unit cirele. frive or
(‘{/§/?ITH'1‘_’ +he fb(/(‘(uuy StatémentTs
) \ &
1. Let £:5'> D" be a corhnuous map. Then £ extends to a conhinuous map
F.D*=D" wrth Flg =1
o This Statement S twue.
Observe that DZ 15 convex = contvactible.
A (Oy\'h r\UOUf ﬁ!ﬂc‘hﬂ” 'nff’n a (Cnhfuhb‘é’ C/Fﬁ(
- [1=hoim: fopiC.
Since £:S'— D> 15 cts and D 1S corractble =2 £ 18 nall il o

Let H:i[o,[]xS'— D" be a homotopy bETWESr £x

We want g map F:D*— D"

Observe that D= ) Sr ) Where ¢, 1S a artle of @

re o]
D* is homeomorphic o ([0,1]% S/ (s'x f0}) (because $o 1S JU

——

e 15 null-howotop! €
A a constant map.

d;’uf i
st a point)

Hus 1S a cone which (S homeo, to a Aitk

H 1S & homotopy from f to @ conttant map: H(0,5)= S. and H(l,5)- £(s).

So H(0,8)=S. 1S the Same for every .

H reSpects the guotient identification because foyx S' gefs ellapseal +o
a pont and H 1S constant on joyx S'. So H descends o a map out

of the quotient+, call this map F.
Then F(l,5)= H(,S5)=F(s), S0 F extends to f. 0

2. There 1s @ map gD §' such 4hat gl 15 the idenhity mop on §'

PL: This statement 1S folse.
TF g D — S!' were a retvact,

o T (D’)fa 17,(5') 'S Surjechve.
But ﬂ‘(S"): y/A ondl Hhe fundam ental group of D* 15 tviaf.

then the nduced homomorphicm

Thf,(/(-\,.f/ 2 s not sunective = g K net a retact.

Thu$, theve 1S No such 9.
O




Conhnued
@ Let X, Y, 2 be convex open Subsets

+hat +heiv union XUNYUZ 1S simply - connected.

Pf. Let aeXNYyZ. (since Xnynttp)

observe that Since X, Y, T are CoNVEX .

. +hesn XoYu .

VXexX, the v | n X, o it hesn /

/ \ 4 2 £ 'ArA TG ud —{O a

\f\j(/,ﬂ'-( line jorning Y i |

Vied the line Joumrf] 7 to a lies 1IN ¢, So itlies in XOYUZ.
[

XU\/U 1 1S Star-convex with centexr a

X JO\",/*’V‘O X to a les
Jl

Ctar - convex Spaces are Sim ;«“"-V»," connedted :
Let £ be any loop based at a. m(XUYU 2, &) 1§ trviad
Define H(S1) by Hes,t) =t +(1-1)a

Ther H(S5,0)= A

TIOMyRg (37,

H(ot) = tat (I-1a=a

H(l,t) = ta (I-H)a = a
o ki et HlG )& XuYui because H(5,1) lies on the
straight line path from f(5) to a.

There fove, we condlude tHrat XuYU T S Sr'mp((j—@n}wﬁf@[
[l

iesin Y, So it lres in Xuvuv.

—

in R” w21, Suppese XNAYN2Z # . Show

N




