SMPP_‘)S@ Xand ¥ ane topological spaces, ard f X~ Y 15 a mag sahisfying
Tt £7(B) € £7(3mt B) for all B2Y. IS £ an open map? Prove your asserfion.

- We want to chow tiat £ 1§ optn: if UEX 1T spen, then £(U) £Y 15 open.
Let UEX be open, and let B=F(Us Y.
We WTS that B 15 open.
Let Yy eB. we WT§ Hhat y € Int(B), becanse then B =1nt(B),
So we have that B IS open. (Iri(e) £ B)
ObServe et £7(B) = £7(f (1)) 2 U.
Since U 1S open, we have that ue It £TICF(Y) = Tt B)).
Therefore, we have that U € Tnt(f7(B) €17 (Int(B).
Since ye B=f(U), we know Ixell s.t. £(x)=Y.
So Fxield & Fv'(In*F(B‘))' whith means Hrat £(x) € IVH(B).
So f(x)=y € Tnt(B).
Thevefore, B= Int(B) = B = (W 1S open.
Thuf) £ 15 an open Mag-




Conh'nued. ..
@ Let L€ R* denote the closed line Segment joinivg the point (0,0) +o £

(1) Is X connected ? Prove your assertion.
ff Yes

,70\»1{' (;‘, 0, Consider X = O Y i(o, I)} with its subspace —k’o\oologtj Ind U cog
fom R e

Let U,V <€ R be open sefs s+ X0 U ard X0V are gpen in X.

Then WLOG, (0,1 EU.

Cince U 'S open, there 1S an opén ball B
Thuf, there IS an néN ST Tj{ <t and thus
This 1S a point o the line Connectivg (0,0) to (RL, ')-

Thuf, Since a line !cgn«emL ¢ homeomorphic to [0, i1, 1t 1S connected,
so U must contain all of |+) a'ndudr'wg (0'0)'

Since (0,0) 15 in eath line segment of X, U must contain each Ln.

Thus, X<W =2 X=WU, So XS connected. a

(o)), r) contained in U.
(1) € B((0,1),7)-

(2)I5 X path-connected? Prove your asfertion.

P£: No.

scume Hrat X 1S pa+h~(0nn€(40c/.
Then there S a paﬂq Y convnecting (0,0) ond (0,0 o that ¥(0) = (0, 0)
and X(n):/o,v).
Let t, - SMPff'cfo,ﬂ:z{(f)=(o,0)} arnd = inf frelh, 11 yi4) =0, N§.
Then y(%t) £ (0,0), (0,)) Since 4 © t%il ord 1> t»__;_tz.
o 5(+,;4z, 1S on Some Iiné€ COhw(Cﬁ'n,g (o'o) to ('.'," 0 fov Some nN.
But Since (0,‘) N
point on tne interval

Hhais line to the rest of X- /Z

This 1Sa conthradicton.
Thus, X IS hot f"f"ﬂ.{'i-\*feﬁmﬂf(*fr/

oton this [,‘nel ¥ must pass th mugk (0,0) at some
Hitde, +a| Sinte (0,0) 1€ the only point (onnecting
Z J




ced. .
<u X.be A IOC&UV compact Hausdorff space. Let 0o be some object not in X
and conSider X¥= Y U foel with twe following topolegy

T = fopm subsets of Xfu fugx*.- x~\U is a compact subset of )(f.

() Show 4ot X* 1§ & compact Hauseloeft space.

P Rrst we will Show et X ¥ 18 compact.
Let TULY be an open cover of X7 We WTS J afinite Subcover.
We know Hrat at least one element of fU3, say Uo, €11

T.=fuex™: X7 \U s a cpt cubset of X§ becauce the only nbhkds of
53 Ot Hhe chements of 1, Since oaf X and T=Topen subseds of X§.
U, e T., then X*\Uo 1€ ompact) o there exist Uy, ) Un That
Cover X*\ Us,.

H we add U., then we get that f(,{o)u”,,.,(/fnf 5 SHIL Anite are/
Covers X"

There fove, X* 1S compact.

*Now we will show that X™ 1§ Hausdor{f.
Let x,y € X* be distinet points.
We need U,V open disjoint nbhds of X,y, reSpechvely
i E g Y # o) then X, Y€eX. Since X 15 Hausdorff, we know Haere
exist open nbbds Uof x and Vof y st UNV= g. (UVeT eT).
TF x=02 and y#0°, then we hawve an open nbhal of x vn Tz ardl an
opeén nbkd of Y in T,
We want X eUET,, so XT\U 15 ompact, and let geveT,
we need anopen nbhd Vofy oand VEK, wheve Kis compact.
Since X 18 lOCaHy compact, there exists V a nblw(ofy and K (omp act

(§eve anv=p)

ST gé VeK.
Let (A= X" \K be an open nblol of oo . Tt S disjomt from VeK

(AnV = x*\K NV =08, VEE).
Therefore, we condude that X* 1S HausdorfE
Tlnuf, X* g4 compact Hausdor{¥ space.




contwued. .
(2) Show that X 1§ dense in X* it and only F X 1§ noncempact.

L2 Tf X 1§ noncompact, then X™\K= f""f (s not open-
So X 15 not olosed = X ¢ X ard X=X

Therefove, X 15 dense in X7

T X 1S compact, then X"\ X - o] 1S openm.
So X 15 closed = X=X # X"
Therefore, X 1§ not dense i 5 -

0B: T§ X 1S dense in X7, then X 15 net closed
AR foat (S notopen.
X S not compact:

O0R: In a compatt Hausdorff space, subsets are cloted ff compact.
So of X S olense in X*, X 13 not closed, so X 15 net compact-



.((‘(I’- 1
L{C,;;S;(Eb-;x $e fTa (c;(ven'v)g maoup w\;rh Pl6) = Xo. The Iu‘{-"hv\g covrespond ence IS
<l Xo) — "(Xa_glz\ow,ﬁ,\od— ) : ‘

then ¢ 1S bijechve. l v i s Simply  connected,
M Becall thort for ae (X, %), () = Zg, (1).

‘st we will Show Haad Y 1S Suechve:

Let e, ep™'(x.).

We want a loop o(f‘ﬂ,(x,xo) L1 \p(o() % A Xeo(\)-

Let B be any path in E fiom €. to € (we can do this ble € simply
connected = E 1S (o&h—@vme&cd)

P/ T(’ BiE) St )

08)(0) = pleo) = Xo

IWX (((;?)in; :(f’.)—-xo since € €p7(X.)
Pef 15 a loop based at Xo-
= (e pl e, (X, o).

W(fevﬁ3)=(m)€o(|) =p()=e-"

Thereﬁ;ve) (p Y SL(fJC‘C‘fT.V\?.
‘Now we will Show that Y & jéctive:

Suppose \([<])= p(Cp1) = € € £ (%), where [0,0f1 €m (x,x.).

Let % be the (ift of x and B the liftof g

Then~ ;Z,E are paths n E fiom €, to e,-

Z},E Since E S simply connected, 11, (€, e.) = 0,
vt Observe that 07'?" &1/ GE, Ca) (S a loop:

IT— K .
pod=u Z(0)=p"(1) -

(’°?=P ;(’(”:’g—!(o)ze’ is

So w¢e have Hrat ';(E" € 1, (E, €.)=0 :('-{3—' 1S homotopic 4o & constant
loop, € &-F" 1S null-homotopic 2 o(ﬁ#' 1S null-homotoprc.
(T4 H 15 the homotopy btwn 6?'[3'" ard a constant, then oH 18 the homotopy
btwn a-ﬂ" and a CanSfaVH)-
There fore, g™ 15 homotopic o a constant leop-
=>[J[p"')=1 = 1= [pl.
Thus, Y 1S injechve.

we contlude that P S byechve. n




((/
P X be the space obtained from R by removing the X-axis, the shmight line
- {(62,2) XERT, and +the eirle ¢, 100,9,2) €R%: g*r 2= 4. Compute T,(X).

trrrrr- Mean s remoyeol

rf: ¥ I? This is X, wheve the lined = are removeol
Liz‘ 1,//‘\/ ’4:/()("2'7'3 > Hrom (P\a.
it {fx - % ObServe Hhrat there 1S a posihve distance
//jw-}‘\cl between the artle €2 and the line Ci.

2) e R g+1>3§¢-—+ws has €, removed. :
thrs hat (2 ard +Hhe X-AXIS
removed.

Let = X\(x,y,
let- V= X\i(xﬂj,i)e (Ra,(j+2<3.5}"—

Observe that UUV =X, and U,V are open anol path-connecteof

. R\ fa poirt}
. 3 homeo. vra
u [ M' ‘ stexv graphic def. ret.
%7‘4*""‘ PmJ(C‘hOY‘ $ cam— 4 O = S'
_‘,;7‘,’_\) o 2
Ly
So T(n)-m(§)=1Z.
def et ? def. ret. 2

So (V)= m(T7) = T (S'x§") = M(S) <, ($)= Z=Z.

Observe that+ UNV = a stnp of R’ that doee not have anythirg removed.
So UNV s Fa‘l’la’(onm(’(-('(vd arol Y\M€«Mﬂy ard a ship of R3S onvex, So
mUnv)=0

S”"(C UNV 15 Sl'n",-{’/y fﬂm?(’({t’dl/ we can uSt thae &)HOLU:‘;? vexsion ot
Van-kampen: 11, (X) = m (Uuv) = T, (u) * m (V) - 2+ (2 *Z).

Therefore, ,(X) =7« (7x7).




