Wmﬂogz Midterm 1
0 True/ False.

(a) A second countable Hausdorff space must be regular
Pf. False.

Caunter-example: Consider the Space (R, 1) where T s the topvlogy
qenerated by tne basic {(a,b), (a,b)\K: a<b RS, wheee =% neNj.
The space 1S Second countable (just use abe@).

The gpace 1§ Hausdorff becausre 1+ 15 R with a Giner fopology +han +he
Sfardafd ‘f’bf’ofogfj,a.«o( ({ﬂ., gmrdald) 1< Hau(f&forf\c-

To see trat (B, 1) 1€ not regulan Arst notice that K it dosed in (ﬂ,T),
Since 115 tomplement 1S open R\K® U,N("".V')\K»
né

We claim +rat 0 cannot be separated frorm K by opon SEAS.
Let U be any hbhd of O and V any opem set cortaining K.

Then U contains a basis element of the foxm (-, )\K.

Choose neN st =< ¢.

V i open and containg ‘;J-T, ¢ It corbaing a basis element (entfaining
‘:; , Which must have the form (a,b) wrh a<w<b,

Hence, a<é€.

Choose any irratioral number w 1 the nterval (a, min {e‘}bi) ard

w will be cordained in voth U and V, So UNV #4. A

(k) A Compack metnc space (s Second countable.
-l

A metnzalkle Space i cecond countable f it s Lindeloff 1 115 separable.
If X 5 a compact wetnc Space, Hren every open covex of X odwmits a
Anite Subcover. Ths immediately implies that X g Lindelof (winct,
only asks for every open cover to adm? 4 countable Suleover).

A Lirdeloff mefe Space 15 second countalble. .




Conhnued.
() A connected space s loally path-connected.

Counter-example: Consider 1B with ¢ standard 4opology ond 161 & be

the se4 i%'r\({,\[}. The set C defned bkj'.({o}x[o.fJ)U(K"(0.0)”([0,@”0'&) ﬂ
P_f@l with the Subspace +0P£s'hgg

considered as a Subspace of R* €qup

IS known ag the Comb Cpace.
The comb space 1S pa%-mnnrmd@ (ennf’df’r'f, bl 8 net locally

Path- connected. 0

(4) Let §AxSuer be a fanvily of subsets in a space 3, Thign - Ad = U A,
QEE . WET

P malse. Cowlel be uncountuble (avwld hatal ¢ P countable). N
gg‘_un’f_gr— eX(‘»,@P,'_@E Let X=1IR ard consvder the supsets {An}:.‘l(i': ')}n.-.

Then A, = [7‘,, 1] for n=1+o oo
b0 __
So nkzle":(OII]. i L
On the other hard, we have 'Q,An = [o,1].

Tt 1§ clear Hhat (0,1] # (o, 1].

Therefore, we contlude that UAs# VA for fAn'S‘::, c K.
n=t n=\
]

(€) Let £ and g be two conhinucus maps from R with the standard topology +o a
topological space Y. Assume that (x)=9(x) fov all xé Q. Then £(x)=g(x)
fov all x € R,

T False. Y needS v be HausSdor¥




wwed.
et P\Pl be the reéal PYu) echve r‘mnfl ie, the ‘lUOh‘en+ space (‘Kg\ibg)/N e
(Xo;X.,X;) ~ (3%3:;313 f and Cnhj i /Xo/)(., ’(z)= )(Hc;‘du‘ﬂl) for Some A e R\ fof,

Let Tr ‘Rg\fcth’ﬁpl be the c’tuoherd’ map, that (€, T (xe, X, x2) 1§ the
equivalent class [x.,x,, x,] wm RPZ

() Given E={(0,x,x,)¢ R}, x*+xE = 15, explicitly wte down 77/(T(E)
in [R*\ {a?,

- We have that ni(E ) = {10, %, X (0, %, %) € AP, X2+ a?, ww«r_ flo, x,, X7)
demotes the equivalence clags of the point (0, %, Xs) 1n P~
Then for each Lo, % %) € ﬂ(E)) we have

' (5000, %, X)) = £(4,,4,,ys) € RE (Yo, Yoy ys) = (0, %, X2, A€ z'ri.,k?»-a%}
= 100,4,,4.) € R’: (0,9,,42) = (0,2, Axz), A€ R\foi .

USing the onginal restnchont on X, and Xs, thrs becomes
Tf\l(ﬂ((_‘)) = 3(()'9"32) € mg\ww -y, plane without the ovigin. &
(2) Is RIP* path-conmected? Prove your assertion.
P{ We have +he quotient map 1 R3\{o} — RP*

Notice that R3\103 is df’m‘fy path- Connectesl.

The continuous image¢ of a path-conn. Cet 1S path-conn

Since (s a iu,oﬁfn% map, it 1S conhimutous, ard Sinice R*\{o% s
Faﬁw-(rrm , wt hove that ﬁ/m"’&fg}‘) i Fa-ll«—(.cmr’h

T, 2
Since 15 a quatient mag, 1415 Sugechve, so TR\ T03) = AP

Therefore, we concludle +rat RIP™ 1S path connected. [a




